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CHAPTER  1 


SCOPE,  OBJECTIVES,  AND  BACKGROUND 


Sec.  1.1  -  SCOPE  OF  THIS  WORK 


Purpose  of  this  work  is  to  formulate,  within  the  frame¬ 
work  of  a  thermal  theory,  basic  laws  governing  the  nonlinear 
dynamics  of  solid  propellant  burning-  This  implies  that; 

(1)  findings  should  be  readily  extended  to  other  cases 

of  heterogeneous  combustion;  in  particular  the  results 
are  not  dependent  on  the  nature  of  solid  propellant. 

(2)  new  flame  models  are  not  being  proposed,  rather  a  meth¬ 
od  is  offered  to  judge  how  good  any  unsteady  flame  mod¬ 
el  is. 

(3)  information  regarding  steady  state  solutions  is  found 
as  a  particulai*  case. 

(4)  interactions  combustion/fluid -dynamics  (e.g.,  in  a  rock¬ 
et  combustion  chamber)  are  not  considered. 

By  making  the  usual  set  of  assumptions  (see  Sec.  2.1),  one 
is  reduced  to  study  the  stability  properties  of  the  nonlinear 
heat  conduction  equation  in  the  condensed  phase  (the  standard 
Fourier  partial  differential  equation  with  time-varying  boundary 
conditions) .  This  is  done  by  an  approximate  analytical  technique, 
but  keeping  the  nonlinearity  of  the  problem.  It  will  he  shown 
that  a  nonlinear  algebraic  function,  called  static  restoring 
function,  can  be  determined  defining  nonlinear  static  and  dynam¬ 
ic  burning  stability  boundaries  for  finite  size  disturbances. 
These  boundaries  are  valid  for  any  kind  of  transient  burning 
(e.g.,  depressurization  or  deradiation). 

No  attempt  is  made  to  explain  or  predict  the  steady  flame 
structure  of  burning  propellants.  This  is  supposed  to  be  assign¬ 
ed  in  terms  of  burning  rate  vs  pressure  (experimental  data)  and 
flame  temperature  vs  pressure  (thermochemical  equilibrium  compu¬ 
tations)  -  This  information,  in  addition  to  a  proper  flame  model,, 
is  enough  to  define  the  fundamental  nonlinear  burning  stability 
properties  of  solid  propellants. 

This  stability  analysis  can  be  applied  to  any  flame  model 
and  solid  propellant  composition,  but  the  actual  numerical  values 
do  depend  on  the  specific  flame  model  and  solid  propellant  compo¬ 
sition  chosen.  The  results  can  be  verified  by  computer  simulation 
(i.e.,  by  numerical  integration  of  the  basic  set  of  governing  e- 
quations)  and/or  experiments.  While  plenty  of  computer  results 
are  already  available,  the  experimental  part  of  this  work  starts 
just  now  to  provide  results. 

This  final  technical  report  comprehends  and  supersedes 
the  previous  annual  technical  reports.  The  opportunity  is 
taken  to  review  the  theory  and  summarize  most  of  the  nume¬ 
rical  and  experimental  findings  by  our  research  group.  The 
complete  literature  so  far  published  by  this  group  is  listed 
as  Refs.  1-19. 


Sec.  1.2  -  OBJECTIVES  AND  PLAN  OF  PRESENTATION 


Consider  the  physical  system  of  Fig.  1a  representing 
a  strand  of  solid  propellant,  subjected  to  a  radiant  flux 
impinging  with  instantaneous  intensity  (1-r)*Ip(t)  on  its 
surface,  burning  with  instantaneous  rate  (t)  in  a  semi- 
closed  vessel  at  instantaneous  pressure  P(t)  and  ambient 
temperature  T_„.The  overall  problem  of  transient  solid 
propellant  combustion  consists  of  predicting  the  burning 
rate  history  in  time. 

Specific  objectives  of  this  study  are: 

(1)  distinguish  between  static  and  dynamic  burning  regimes. 

(2)  define  and  evaluate  nonlinear  static  stability  bound¬ 
aries  . 

(3)  define  and  evaluate  nonlinear  dynamic  stability  bound¬ 
aries  . 

(4)  define  and  evaluate  nonlinear  pressure  deflagration 
limit. 

(5)  predict  number  and  nature  of  static  solutions. 

(6)  predict  dynamic  extinction,  including  overstability , by 
fast  depressurization  and/or  deradiation. 

(7)  predict  self-sustained  oscillating  burning  regime. 

(8)  is  there  a  univocally  defined  ignition  boundary? 

(9)  what  is  the  influence  of  the  implemented  flame  model 
on  the  above  predictions? 

(10)  what  is  the  influence  of  the  implemented  integral  meth¬ 
od  on  the  above  predictions? 

(11)  numerical  and  experimental  verifications  of  the  above 
predictions . 

First,  a  literature  survey  of  the  problem  is  offered 
in  Sec.  1.3.  Then,  the  basic  set  of  assumptions  and  equa¬ 
tions  is  illustrated  in  Secs.  2.1  -  2.3;  the  transformation 
of  the  PDE  into  an  approximately  equivalent  ODE  is  performed 
in  Sec.  2.4;  properties  of  the  resulting  nonlinear  algebraic 
restoring  function  are  discussed  in  Sec.  2.5.  Static  and 
dynamic  burning  stability  are  respectively  treated  in  Sec. 
2.6  and  Sec.  2.7;  the  self-sustained  oscillating  regime  is 
illustrated  in  §  2.7.3.  The  point  on  the  status  of  the 
theory  is  made  in  Sec.  2.9.  Numerical  computations  verify¬ 
ing  the  analytical  predictions  are  reported  in  Sec.  2.8. 
Experimental  results  are  summarized  in  Ch.  3  (ballistic  ex¬ 
periments)  and  Ch.  4  (laser  based  optical  techniques).  Con¬ 
clusions  and  suggestions  for  future  work  are  collected  in 
Ch.  5. 

References,  nomenclature,  tables  and  figures  are  given 
at  the  end  of  Ch.  3  (ballistic  studies)  and  Ch.  4  (laser 
techniques ) . 


Sec.  1.3  -  LITERATURE  SURVEY 


The  question  of  solid  propellant  burning  stability  in 
general  and  dynamic  extinction  in  particular  has  been  v/ell 
debated  in  the  relevant  literature  (Refs.  20-77),  but  few 
works  have  been  really  constructive.  The  erroneous  applica¬ 
tion  of  the  quasi-steady  gas  phase  assumption,  the  strong 
limitations  of  linearized  theories,  and  the  empirical  na¬ 
ture  of  m.ost  of  the  proposed  extinction  criteria  are  the 
most  serious  drawbacks  in  this  area. 

In  this  work,  quantitative  criteria  for  nonlinear  stat¬ 
ic  and  dynamic  stability  of  burning  propellants  are  defined 
by  means  of  flame  models.  The  integral  method  of  Goodman 
(Ref.  78)  is  implemented  in  order  to  apply  knov/n  mathematical 
methods  to  the  resulting  approximate  ODE  formulation  of  the 
problem.  The  same  method  has  already  been  applied  (Ref. 76) 
to  particle  burning;  somewhat  simpler  use  has  been  made  at 
Princeton  (Refs.  79-80)  on  solid  propellant  rocket  engines. 
The  concept  of  using  the  simpler  ODE  formulation  of  the  pro¬ 
blem,  instead  of  the  ODE  one,  is  relatively  common  in  Soviet 
literature.  However,  the  method  of  transformation  is  rather 
different;  an  interesting  review  of  the  mathematical  problem 
was  made  by  Gostintsev  (Ref.  81).  The  approach  has  been  ap¬ 
plied  mainly  to  ignition,  unsteady  burning,  and  stability 
problems.  Remark  that  the  Soviet  approach  differs  not  only 
in  the  mathematical  details,  but  especially  in  the  structure 
of  the  physical  model.  Instead  of  using  a  flame  model,  the 
Soviet  investigators  resort  to  the  Zeldovich  method  (e.g., 
see  Ref.  47) ,  consisting  of  constructing  the  instantaneous 
thermal  gradient  at  the  condensed  phase  side  of  the  burning 
surface  from  experimental  steady  state  data.  However,  this 
method  is  useful  in  establishing  intrinsic  stability  bounda¬ 
ries,  but  in  principle  cannot  be  extended  to  obtain  stabili¬ 
ty  boundaries. 


§  1.3.1  -  Nonlinear  Dynamic  Extinction  by  Fast  Depressurization 

At  Politecnico  di  Milano  several  years  of  efforts  (Refs. 
1-19)  were  dedicated  to  the  question  of  dynamic  extinction 
driven  by  fast  changes  both  of  pressure  and/or  radiation. 
Following  a  line  of  research  initiated  at  Princeton  (Ref.  3) , 
an  original  approach,  based  on  a  nonlinear  burning  stability 
analy.sis,  was  developed  within  the  framework  of  a  thermal 
model  of  thin  (quasi-steady)  heterogeneous  flames  (Refs. 1-3). 
This  analysis  was  applied  to  the  specific  problem,  among  o- 
thers,  of  predicting  the  minimum  burning  rate  (lower  dynamic 
stability  point) ,  in  function  of  pressure,  under  which  ex¬ 
tinction  of  the  burning  solid  propellant  necessarily  occurs 
independently  on  its  past  history  (Ref.  4).  The  limiting 
burning  rate  is  a  property  strictly  dependent  on  the  nature 
of  the  reacting  substance;  but  it  is  affected  by  the  operat¬ 
ing  conditions,  such  as  pressure,  ambient  temperature,  and 


heat  exchange  with  the  environment.  This  extinction  cri¬ 
terion,  suggested  in  1975,  is  valid  instantaneously  for 
any  monotonic  decrease  in  time  of  both  pressure  and/or  ra¬ 
diation.  Improvements  and  extensions  of  the  proposed  theo¬ 
ry^  including  numerical  and  experimental  checks,  are  under 
progress  (Refs.  9-19). 

Although  dynamic  extinction  might  occur  under  a  varie¬ 
ty  of  conditions,  due  to  the  pioneering  work  of  Ciepluch 
(Refs.  20-22)  in  1961,  only  dynamic  extinction  by  depres- 
suri7.ation  appears  largely  analyzed  both  experimentally 
and  theoretically  (Refs.  20-57).  Unfortunately,  the  under¬ 
standing  of  this  phenomenon  is  still  little  satisfactory. 

No  criterion  whatsoever  is  found  in  the  literature  for  the 
case  of  dynamic  extinction  by  fast  deradiation  reported 
by  the  Princeton  group  (Refs.  58-59).  Ciepluch  (Refs. 20-22) 
conducted  one  of  the  first  systematic  experimental  studies 
of  depressurization  transients  in  a  laboratory  combustion 
chamber  closely  simulating  conditions  of  an  actual  motor. 
Fast  depressurization  was  obtained  by  suddenly  opening  a 
chamber  vent  hole.  Initial  chamber  pressure  in  the  range 
34  to  82  atm  and  ambient  pressures  down  to  3.5  nmi  of  mer¬ 
cury  were  explored.  The  burning  transient  v;as  followed  by 
measuring  simultaneously  combustion  luminosity  (primarily 
In  the  visible  range)  and  chcxmber  pressure.  Several  AP-based 
composite  propellants  were  tested;  few  data  on  double-base 
compositions  were  also  reported.  The  follov;ing  conclusions 
were  reached; 

(1)  a  critical  depressurization  rate  exists  below  which 
burning  continues  and  above  which  extinction  occurs. 

(2)  the  critical  depressurization  rate  increases  linearly 

as  the  chamber  pressure  prior  to  venting  increases. 

(3)  the  critical  depressurization  rate  is  substantially 
affected  by  the  propellant  composition. 

(4)  reignition  may  follow  extinction  if  the  depressuriza¬ 
tion  is  not  too  fast  and/or  nozzle  back  pressure  is 
not  too  low. 

For  a  critical  review  of  papers  on  dynamic  extinction 
by  depressurization  offered  until  1969,  the  reader  might 
consult  Merkle  (Ref.  29) .  Papers  dealing  mainly  with  rocket 
engine  extinguishment,  rather  than  just  a  semi-closed  vol¬ 
ume  (no  combustion/fluid-dynamics  coupling) ,  are  neglected 
in  this  review.  The  papers  by  Von  Elbe  (Refs.  23-24)  should 
be  noted;  an  analytical  expression  given  by  Von  Elbe  for 
the  critical  depressurization  rate  has  been  rather  widely 
used.  Although  later  proved  wrong  by  Merkle  (Ref.  29)  and 
Krier  (Ref.  42)  on  different  arguments,  this  expression 
for  dynamic  burning  rate 


(1.3.1.) 
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dP(t) 

dt 


-  5  ~ 


^(t)  =  k 


+  2 
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P(t)  %■ 


and  others  of  the  same  nature  are  still  being  used,  mosLly 
for  practical  applications.  In  particular,  the  critical  de¬ 
pressurization  rate  is  given  by 


(1.3.2) 


dP  (tTI  ^_i_  £(_y_  k  ■■ 

dt  2  n 


being  the  steady,  unperturbed  burning  rate.  This  and  simi¬ 
lar  expressions  are  meaningless  from  our  point  of  view.  A  de¬ 
tailed  critical  review  of  this  type  of  oversimplified  transi¬ 
ent  burning  models  was  given  by  Kriei  (Ref.  42) ,  who  generaliz¬ 
ed  the  previous  expression  for  dynamic  burning  rate 

1  +  "V  n  ^c  dP  ( t) 

'  P(t)  dt 

being  "y  =  const  for  several  investigators  (e.g.'f=  2  in  Refs. 
23-24)  .  Krier  analytically  showed  that  actually-  y  is  a  func¬ 
tion  of  burning  surface  properties  and  pressure  jump,  a.nd  that 
this  function  can  be  computed  a  priori  for  each  propellant.  Hov;- 
ever,  relationships  of  the  type  of  Eq.  1.3.3  are  restricted  to 
small  vaj.ues  of  dP(t)/dt  and  small  excursion  of  ^(t)  with  res¬ 
pect  to  Therefore , they  are  of  no  use  for  dynamic  extinction 
problems . 

Two  excellent  contributions  should  explicitly  be  mentioned. 
Merkle  (Ref. 29)  pointed  out  several  mistakes  crept  in  tlie  literature, 
furnished  a  new  quasi-steady  flame  model  and  recognized  that  dy¬ 
namic  extinction  depends  on  the  entire  P(t)  curve.  Hov;ever,  he 
did  not  formulate  an  extinction  criterion,  since  a  critical  val¬ 
ue  of  surface  temperature  (T,.  =  600  K  corresponding  to  0^  =  0.43 
for  the  propellant  AP/PBAA  No.  941  taken  as  datum  case  in  this 
study)  v/as  empirically  picked  up  below  which  chemical  reactions 
are  considered  too  v/eak  to  sustain  the  deflagration  wave.  A  paper 
by  T'ien  (Ref.  38),  in  1974,  is  the  only  one  aimed  directly  at  c- 
stablishing  an  extinction  criterion  for  fast  depressurization. 
T'ien  argues  that  heat  losses  are  the  mechanism  for  both  static 
and  dynamic  extinction  of  solid  propellants;  this  view  is  not 
fully  shared  in  this  instance.  However,  T'ien  concludes  (Refs. 
38-40)  that  for  depressurization  transients,  if  the  instantaneous 
burning  rate  drops  below  the  unstable  burning  rate  solution  at  the 
final  pressure,  extinction  will  occur.  T'ien  derives  his  quantita¬ 
tive  criterion  from  another  study  by  him  of  flammability  limits 
of  premixed  flames  under  the  influence  of  environmental  distur¬ 
bances  (Ref.  39),  A  somewhat  similar  result  has  been  found  in 
this  investigation  (Refs.  1-19)  ,  but  by  a  completely  different 
approach. 

The  line  of  research  evolved  within  the  framework  of  Zeldo- 
vich  method  (Refs,  43-44)  is  of  limited  value.  Istratov  et  al. 

(Ref.  45),  in  1964,  used  an  integral  method  in  order  to  determine 


(1.3.3)  9J(t)  =  ^ 


T’ 
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an  approximatG  solution  to  the  unsteady  nonlinear  energy  e- 
quation  in  the  condensed  phase  of  a  propellant  burning  v;ith 
constant  surface  temperature.  Extinction  was  assumed  to  oc¬ 
cur  when  the  surface  thermal  gradient  on  the  condensed  side 
exceeds  a  critical  value  corresponding  to  the  static  stabili¬ 
ty  line.  This  is  mistaken,  since  nothing  can  be  said  a  priori 
about  dynamic  burning  in  a  range  of  burjiing  rate  tliat  is  sta¬ 
tically  unstable.  Novozhilov  (Ref.  46),  in  1967,  improved  the 
previous  model  by  considering  a  variable  surface  temperature 
and  recognizing  that  dynamic  burning  is  allowed  also  in  the 
range  of  parameters  vdiort;  statically  stable  solutions  are 
not  found.  E.xtinction  v/as  then  assumed  to  occur  w'hen  the  burn¬ 
ing  rate  at  the  final  pressure  drops  belo'w  a  limiting  value  ex¬ 
perimentally  established  in  nonstationary  burning  conditions. 
This  "ad  hoc"  criterion,  if  feasible,  v;ould  rely  on  very  del¬ 
icate  experimental  results. 

The  question  of  a  possible  early  warning  of  extinction 
during  a  depressurization  transient  evaluated  via  the  Zeldo- 
vich  method  was  examined  in  a  paper  by  the  Princeton  group 
(Rcf,  47)  in  1971.  The  possibility  was  checked  that  the  cross¬ 
ing  of  the  static  stability  boundary  is  sufficient  to  subse¬ 
quently  produce  dynamic  extinction.  No  clear  answer  to  this 
question  v/as  given.  In  our  opinion  the  static  stability  bound¬ 
ary  has  only  secondary  relevance  in  a  dynamic  situation.  In¬ 
deed,  according  to  the  same  Princeton  reference,  "the  dynam¬ 
ic  conditioiis  of  extinguishment  tend  to  shift  the  stability 
line"  (pag.  257  of  Ref.  47).  Further  extensiv'e  v/ork  in  this 
area  (Rcf.  43)  failed  to  reach  more  significant  conclusions. 
Finally  Novozhilov  (p.  216  of  Ref.  49),  in  1973,  observed  that 
tills  "question  requires  certain  information  about  the  proper¬ 
ties  of  the  system  outside  the  area  of  smooth  burning.  Such 
informa  Lion  cannot  be  obtained  from  experiments  on  steady  state 
combustion.  For  the  calculation  of  unsteady  conditions  in  the 
unstable  region  it  is  necessary  to  drav/  on  certain  schemes  of 
combustion,  which  make  it  possible  to  j/redict  the  properties 
of  propellants  beyond  the  static  stability  limit".  Further 
work  by  Soviet  investigators  (Refs.  50-56)  offered  fresh  expe¬ 
rimental  information  and  tlieoretical  considerations,  but  fail¬ 
ed  to  define  a  pliysically  sound  extinction  criterion. 

Experimentally,  the  results  reported  in  Refs.  24  and  29 
(go/no-go  boundaries).  Ref.  32  (flame  structure  during  depres¬ 
surization),  Ref.  34 (flame  temperature  and  emission  spectra 
during  depressurization),  Rcf.  54  (condensed  phase  temperature 
during  depressuriz/ition)  are  the  most  interesting.  They  allow 
detailed  and  reliable  comparison  with  analytical  and  numerical 
results.  Obviously,  the  most  wanted  result  is  the  burning  rate 
history  during  depressurization  transients.  Unfortunately,  no 
reliable  data  exist  yet  in  this  particularly  difficult  area  of 
investigation,  althougli  a  large  number  of  contributions  have 
been  offered.  For  a  good  summary  of  the  results  so  far  obtained 
and  a  critical  discussion  of  the  techniques  implemented,  the 
reader  might  consult  the  excellent  review  given  in  Ref.  57. 


Experimental  results  are  often  ambiguous  to  interpret 
due  to  the  interplay  anci  overlappinq  of  several  factors; 
attention  is  prefera!>ly  focused  on  data  collected  from  la¬ 
boratory  burners  (ranging  from  fiojjressuri zation  strand  bur¬ 
ners  to  simulated  rocket  combustion  chambers)  rather  than 
actual  rocket  motors  v.'here  fluidynarnic  effects  may  be  do¬ 
minant.  llov/evcr,  even  results  from  laboratory  burners  are 
not  easy  to  compare  due  to:  implementation  of  different  ex¬ 
tinction  criteria,  diagnostic  techniques , and  operating  con¬ 
ditions;  scattering  of  results;  confused  theoretical  guide¬ 
lines  in  data  handling. 

In  the  pioneering  v;ork  by  Ciepluch  (Refs.  20-22)  the 
critical  boundary  betv;een  (permanent)  extinction  and  conti¬ 
nued  burning  v;as  found,  v;ith  a  go/no-go  technique,  to  be  a 
straight  line  in  the  dP/dt  vs  Pj^  (initial  pressure)  linear 
plot.  Further  data  were  provided,  among  otbiors,  by  Von  Elbe 
and  McHale  (Ref.  24)  in  an  effort  to  substantiate  Von  Elbe's 
theoretical  predictions  (Ref.  23).  They  tested  three  AP-based 
composite  propellants  in  a  depressurization  strand  burner 
(300  cm^  internal  volume)  furnished  by  frangible  diapliragm 
(ruptured  by  a  solenoid  driven  pluncjer)  and  orifice  plate  to 
control  the  denressurization  rate.  Flame  luminosity  in  time 
was  monitored  v;ith  a  photodiode  simultaneously  to  pressure 
decay;  initial  pressures  from  33  to  5  atm  were  used.  Von  Elbe 
and  Mcllale  plotted  dP/dt  vs  P  at  extinction  (as  determined  by 
zero  luminosity) ;  the  critical  boundary  was  found  to  be 
straight  in  a  Ig/lg  plot. 

Merkle  and  Summerfiold  (Ref.  29)  produced  a  rather  com¬ 
plete  set  of  data  by  systematically  testing  several  AP  compo¬ 
site  and  one  catalyzed  DB  propellants.  A  special  laboratory 
combustor  was  designed  to  minimize  erosive  burning  effects 
and  to  cause  monodimonsional  "cigarette"  burning  of  the  sam¬ 
ple.  Fast  pressure  decay  was  obtained  by  rupturing  a  double 
diaphragm  syst' m.  The  exhaust  gases  initially  pass  through 
both  a  primary  (laroe)  nozzle  and  a  secondary  (small)  noz¬ 
zle;  the  small  nozzle  coiitrols  the  chamber  pressure  as  long 
as  the  diaphragrrB  remain  in  place.  When  the  diaphragms  are 
removed,  the  small  nozzle  also  is  removed  (being  located  in 
the  double  diaphragm  apparatus) .  By  properly  combining  noz¬ 
zles  of  different  diameters,  the  initial  pressure  level  as 
well  as  the  depressurization  rate  could  be  varied.  Pressure 
and  light  emission  (as  seen  by  a  photomultiplier  in  the 
visible)  were  simultaneously  recorded.  Extinction  was  con¬ 
sidered  to  occur  v;hen  zero  light  emission  from  the  flame 
could  be  observed.  Initial  pressures  in  the  range  75  to  14 
atm  were  explored.  Venting  was  always  to  atmospheric  pres¬ 
sure;  because  of  this,  reignition  v;as  nearly  always  observ¬ 
ed.  The  following  conclusions  were  reached: 

(1)  the  critical  boundary  between  extinction  (permanent  or 
temporary)  and  continued  burning  was  found, with  a  go/ 
no-go  technique, to  be  always  straight  in  the  dP/dt 
vs  P  linear  plot. 
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(2)  increasing  AP  loading  from  75%  to  82.5%  makes  the  pro¬ 
pellant  more  than  tv/ice  as  difficult  to  extinguish  (in 
terms  of  initial,,  i.e.  maximum,  dP/dt)  . 

(3)  increasing  AP  particle  size  fi'om  45  to  180  um  (unimodal 
distributions)  makes  the  propellant  easier  to  extin¬ 
guish  (for  a  fixed  loading  of  75"  AP) . 

(4)  little  difference  v/as  observed  v.'hen  PBAA,  PBCT,  and  PU 
binders  (for  a  fixed  loading  of  8  0%  AP )  v;ero  tested. 

(5)  aluminum  (16  um  particles)  addition  up  to  15%  makes  the 

propellant  sliglitly  more  difficult  to  extinguish  (for  a 
fixed  composition  of  AP  77.5%/binder  22.5%);  but  the  op¬ 
posite  is  true  for  Pj^  <  27  atm. 

It  should  be  remarked  that  some  of  those  conclusions  (AP  par¬ 
ticle  size  and  binder  type  effects)  may  be  in  conflict  with 
other  exporim.ontal  studios  in  which,  however , permanent  extinc¬ 
tion  wi\s  recorded.  Meiiile  and  Summer  field  adopted  the  perma- 
nente  extinction  criterion  only  for  the  catalyzed  DB  test, 
since  no  visible  radiation  can  be  dctc;cted  from  DB  burning 
at  low  pressures.  They  found  that: 

(6)  the  tested  catalyzed  DB  j)ropcllont  (N-5  composition) 
is  much  easier  to  c.xtinguish  than  any  of  the  tested  AP 
composite  propellants. 

Interesting  and  detailed  observations  on  the  flame  struc¬ 
ture  of  co.mposite  propellants  during  depressurization  v/erc  re¬ 
ported  by  Selzer  and  Steinz  in  a  series  of  papers  (Refs. 

32-33) .  They  showed  that,  regardless  of  the  depressurization 
rate,  the  flame  intensity  (as  seen  by  spc'ctral  emission  from 
OH,  NH,  CN,  Na  lines  and  carbon  continuum)  falls  to  zero  soon 
after  the  impact  of  the  first  rarefaction  wave  on  the  burning 
surface.  This  is  possibly  followed  by  the  appearance  of  an 
incipient  flame,  after  a  time  span  of  t)ie  order  of  the  condens¬ 
ed  phase  thermal  wave  relaxation  time,  if  the  depressurization 
rate  is  not  too  fast.  Marked  pressure  oscillations  are  o):)Sc  rv- 
cd  when  this  secondary  flame  develops,  the  flam.e  decay  being 
otherwise  exponential.  The  authors  further  claimed  that  the 
adiabatic  expansion  of  the  flame  quenches  the  active  gaseous 
chemical  reactions;  tliis  v/ould  explain  why  the  first  zero  in¬ 
tensity  of  flame  radiation  is  noticed  when  the  instantaneous 
pressure  has  dropped  only  to  about  70%  of  the  initial  pres¬ 
sure.  The  average  0/F  mixture  ratio  was  observed  to  be  higher 
during  some  part  of  the  transient  burning  than  during  steady 
state,  due  to  preferential  consumption  of  AP  particles  ex¬ 
posed  on  the  propellant  surface;  the  binder  surface  looked 
molten  and  not  thicker  than  a  fev;  microns  (for  depressuriza¬ 
tion  tests  from  45  to  1  atm  with  AP  76%/PBCT  24%  composition) . 
The  implication  is  that  the  binder  gasification  is  the  first 
to  suffer  the  effects  of  a  pressure  expansion.  It  was  stres¬ 
sed  that  during  depressurizations  AP  may  undergo  important 
postreactions  in  the  condensed  phase,  which  would  distort  the 
0/F  mixture  ratio  with  respect  to  steady  state  and  cause  3-D 
ef fects.Hov/ever,  it  was  later  concluded  that  more  important 
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steps  are  the  easiness  of  gas  reactions  and  the  decomposi¬ 
tion  mechanism  of  binder,  it  v/as  finally  confirmed,  in  a- 
greement  v/ith  Ciepluch  (Refs.  20-22)  and  Merklo  (Kef.  29), 
that  conditions  at  the  end  of  tiie  depressurization  I'l'ocess, 
i.e.  the  final  shape  of  the  pressure  history  and  the  ex¬ 
haust  pressure,  can  oe  determining  in  extinction. 

§  1.3.2  -  Kon  Linear _ ex fJ  ncLiCj-i  by  fast  ciej  adiabion 

Studies  on  dynamic  extinction  by  fast  deradiation 
overlap  v.’ith  those  on  radiati''^e  ignition.  Oh]  eini  1  ]  c^r ,  at 
Princeton  Unix’crsity  in  1970,  first  observed  dynamic  extinc¬ 
tion  by  fast  dc'Vadiation  while  constructing  ignition  map  of 
noncatalyzed  DB  (a  NC  composition)  by  a  CO2  laser  source, 
providing  up  to  120  cal/cnv'’s  at  the  target,  in  the  i  ancfe  3 
to  34  atm  of  niLi'ocicn.  It  seems  tliat,  i ndependently ,  the  di¬ 
scovery  was  made  in  USSR  by  Mikliecv  in  his  Candidate's  Dis¬ 
sertation  appeared  about  at  the  same  time  (1970),  but  un¬ 
available  to  this  writer.  From  successive  v/ork  published  in 
the  open  literature,  one  would  guess  that  .Mikheev's  data 
conccM'ncd  uncaLalyzed  DB  propellants  tested  in  a  furnace  at 
low  radiant  flux  (few  cal/cnr-s)  at  1  atm  of  air  or  nitrogen. 
Suppoi'ting  evidence  for  the  dynamic  character  of  this  pheno¬ 
menon  and  fvirther  experimental  datc'i  wore  successively  offeree' 
mainly  at  Princeton  University  (Kefs.  3,58-59  )  and  in  USSR 
(Refs.  60-63  and  pp. 173-187  of  Kef.  64).  Tlie  radiative  pulse 
experiment  on  steadily  burninej  propellants,  reported  in  Ref. 

58  ,  was  suggested  by  Yu.  A.  Gostintsev  during  a  stay  at 
Princeton  University. 

Theoretical  considerations  (Re fs ,  58 , 60 , 62-63 )  v;ere  of¬ 
fered  mainly  in  the  framework  of  Zoldovich  approach.  How¬ 
ever,  just  as  in  the  case  of  dyiuunic  extinction  by  fast  de¬ 
pressurization,  the  Zeidovich  stability  boundary  is  not 
meant  to  apply  to  transieuit  burning  stability.  The  dynamic 
stabilrlty  i:>oujidary  for  fast  dcradiation  was  sho'wn  to  coin¬ 
cide  v/ith  that  for  fast  depressurization  in  Ref,  1  ;  de¬ 
tails  will  bo  given  later  in  .fi  2 . 7 . 1  .  No  otlier  attcini)t  to  eva¬ 
luate  the  dynamic  st.i}.)i]ity  boundary'^  for  fast  deradiation  is  kno-vTi  to  tills 
author. 

All  successful  experimental  results  collected  at  Prin¬ 
ceton  University  concern  radiation  by  a  100  W  continuous 
wave,  multimode  CO2  laser  emitting  at  10.6  um  in  the  far  in¬ 
frared.  Cylindrical  samples  of  propellant  were  tested  in  a 
strand  burner  with  two  optical  windows  for  high  speed  cine¬ 
matography  and  light  emission  recording  (both  visible  and 
infrared  photodetcctors  were  available).  Tv/o  mechanical 
shutters  (of  iris  leaf  type)  provided  a  trapezoidal  radia¬ 
tion  pulse,  the  action  time  of  the  shutters  could  be  regu¬ 
lated  from  1  to  1 0  ms.  Dynamic  extinction  of  steadily  bn-:u- 
ing  samples  (ignited  by  hot  wire)  subjected  to  laser  pulse 
was  observed  for  two  PB  uncatalyzed  compositions,  but  it 
could  not  be  seen  for  the  tested  DB  catalyzed  propellant 
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(Ref.  58).  Experiments  v/ere  made  up  to  11  atm  of  nitrogen; 
the  minim.um  pulse  length  requirea  for  extinction,  determin¬ 
ed  by  a  go/no-go  technique,  was  found  to  increase  v/ith 
pressure  but  decrease  v/xth  radiant  flux  intensity;  the  ra¬ 
diation  cut-off  tim.e  v/as  2  ms  for  all  tests;  experiments 
in  air  v;ere  not  conducted;  composite  propellants  were  not 
tried. 

Ignition  tests  were  performed,  in  the  range  5  to  21 
(sometimes  up  to  34)  atm  of  nitrogen  or  air,  for  12  propel¬ 
lants  representative  of  sevi.u'al  classes  (uncatalyzed  and 
catalyzed  DE ,  unmetallized  and  metallized  AP  composite, 

HMX  composite)  both  v/ith  laser  and  arc  image  furnaces.  Dy¬ 
namic  extinction  associated  v/ith  ignition  v/as  again  observ¬ 
ed  only  for  several  uncatalyzed  DB  compositions  v/ith  0,  0.2, 
and  1%  carbon  addition  (Refs,  3  and  59  ).  Ignition  bounda¬ 
ries,  detcr.-'iined  by  a  go/no-go  technique,  revealed  an  igni¬ 
tion  corridor  bounded  essentially  by  tv/o  parallel  straight 
lines  in  the  Ig  riidiant  heating  time  vs  Ig  radiant  flux 
intensity  plot.  The  lower  boundary  defines  the  minimum  ex¬ 
posure  time  lor  self-sustained  flame  propagation;  it  is 
not  afiected  by  ambient  atmospliere  (air  or  nitrogen)  and 
radiation  cut-off  time.  The  upper  boundary  defines  the  cri¬ 
tical  (i.e.  maximiu’i)  c.xposure  Lima  above  v/hich  a  radiation 
overdriven  flan.o  extinguishes  v/hen  the  external  radiant 
beam  is  roinov'ed;  this  lioundary  is  strongly  affected  by  the 
ambient  atmosphere (extinction  occurs  in  air  but  not  in  ni¬ 
trogen)  ,  pressure  (increasing  pressure  widens  the  ignition 
corridor)  ,  radiation  cut-off  time  (slov/  cut-off  widens  the 
ignition  corridor).  For  pressures  less  than  11  atm  the  ig¬ 
nition  corridor  was  totcilly  wiped  out.  Al]  this  v/as  con¬ 
firmed  by  higli  speed  movies  and  photodetectors.  Hov/ever, 
the  same  propellant  cxtinguishablo  at  the  laser  apparatus 
could  not  be  extinguished  when  tested,  in  similar  operat¬ 
ing  Conditions,  at  an  arc  image  apparatus.  This  used  as 
source  a  2.5  kW  high  pressure  xenon  arc  lamp  with  spectral 
emdssion  in  the  visible  (similar  to  sunlight,  peak  near 
0.55  irm)  ,  except  for  some  nonequilibrium  high  intensity 
bands  in  the  near  infrared.  Tests  at  the  arc  image  appara¬ 
tus  were  conducted  only  for  ignition  runs.  The  different 
results  obtained  v/ith  noncatalyzed  DB  propellants  with  the 
two  radiativ'e  sources  v/ere  mainly  attributed  to  different 
optical  properties  (volumetric  absorption  and  scattering 
are  strongly  wavelength  dependent;  noncatalyzed  DB  propel¬ 
lants  are  much  more  opaqxio  in  the  far  infrared  than  in  the 
visible)  and  larger  radiant  flux  cut-off  time  with  the  arc 
image  apparatus  (about  tv/i  ce  with  respect  to  the  laser  ap¬ 
paratus).  Other  minor  differences  v/ere  also  operative:  spa¬ 
tial  structure  of  the  radiant  beams  (less  sharp  with  the 
arc  image  source) ,  sample  positioning  (protruding  from  a 
metallic  holder  at  the  laser  apparatus  but  flush  at  the 
arc  image;  this  may  cause  heat  sink  effects),  different 
beam  geometry  (collimated  and  perpendicular  for  laser  but 
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converging  and  oblique  for  arc  image) .  The  different  re¬ 
sults  between  noncataly^ed  DB  vs  cataly?.ed  DB  and  AP  com¬ 
posite  propellants,  observed  at  both  laser  and  arc  image- 
apparatus,  v;oi:c  attributed  to  different  flcjmo  structure 
(both  catalyj'ed  DB  and  7iP  composite  propellants  feature 
large  heat  feedback  from  the  g£;s  phase  v/ith  respect  to 
heat  roicaso  at  the  burning  surface;  this  v;ill  be  si:Ov;n 
to  bo  stabilizing)  and  different  radiation  interaction 
v;itli  the  coni})ustion  products  (radiation  is  gently  termi¬ 
nated  and  effectively  decreased  by  carbonaceous  filam'.nts 
and  particulate  gcnoratf?d  )iy  tlu'  burni.ng  samplers;  ti'.is  is 
specially  true  for  catalyzed  DB  propellants).  Hov;evor,  it 
is  expected,  in  principle,  tliat  al'i  propellants  shiould  ma- 
nife'jtate  dynamic  extinction  by  fast  dcradiation  if  t'cshed 
in  the  appropriate  range  of  operating  conditions. 

To  the  ):)cst  of  the  autlior's  knov/ledge,  the  only  easi¬ 
ly  available  Soviet  pai^or  with  detailed  crxperimcntai  data 
on  dynamic  extinction  by  fast  dcradiation  is  the  one  by 
Mikheev  and  Leuashov  (kef.  61  ),  Data  reported  concern  a 
DB  composition,  v;ithout  and  v/ith  carbon  addition  (1?-),  at 
1  atm  of  nitrogen  subjected  to  low  (<  10  cal/cm''s)  radiant 
flux  from  an  eiectricaily  heated  incandescent  graphite? 
plate.  Mechanical  shutters,  v/itl?  about  30  ms  action  ti??,e, 
v/oie  used  to  control  tlie  pulse  .length.  Three  types  of  cx- 
peri.iucnts  v/orc?  pc'.rf ornu.-d ;  ignition,  radialion  pulse  of  pn- 
ramotrical J.y  varied  duration  on  steadily  burning  sampics, 
radiation  pui.se  of  parai:tetrically  varied  intensity  on  stea¬ 
dily  buriiing  samples.  Ignition  run.s  showe'd  tiie  famiJiar  ig¬ 
nition  corridor  just  discussed  (cf.  Refs.  3  and  59).  '.I’he 
second  experinr.-nt  sliov.’od  a  decrease  of  critical  (minimum 
value  leading  to  cxtinctio!i)  duration  of  radiant  pui.se  for 
increasing  fiu.v  intons.ity.  The  third  expeiiment  shov/ed  cri-- 
tical  (minimum  value  l(?ading  to  extinction)  radia.nt  flux 
intensity  increasing  for  incrca.sing  initial  temperature 
(20^X  or  lOO^C)  and  for  increasing  transparency  cf  tlie 
s  amp 1 G . 

Interesting  experimental  data  on  transient  burning 
and  surface  structure  during  and  after  deradiation  were 
provided  by  Mikheev  ct  al.  in  a  successive  paper  (pp.173-- 
187  of  Ref.  64  ).  Tliey  used  an  arc  image  furnace  (the  source 
v/as  a  xenon  lamp  of  10  kW)  capable  of  a  radiant  flux  from 
1  to  1 0  cal/cm^s.  Experiments  on  a  DB  propellant  and  pres¬ 
sed  nitrocellulose  samples,  both  v/ithout  and  with  1%  car¬ 
bon  addition,  v'cre  carried  out  at  1  atm  of  air  or  nitrogen. 
Mechanical  shutters  with  an  action  time  <  2  ms  were  u.sed 
to  send  trapezoidal  (square  as  seen  by  samples  with  large 
thermal  and  reacting  layers  relaxation  times  in  the  condens 
ed  phase)  radiation  pulses  on  target.  Ignition,  fast  dera¬ 
diation,  and  fast  irradiation  experiments  v.'ere  performed. 

A  capacitive  transducer  system  was  set  up  to  record  the  in¬ 
stantaneous  strand  weight  and,  by  inference,  the  unsteady 
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mass  burning  rata;  the  frequency  passband  of  the  system 
was  0  to  250  Hz.  With  the  DB  +  1%  C  propellant  (a=100  cm“1 ) 
dynamic  extinction  v/as  observed  for  tests  in  nitrogen;  re- 
ignition  would  occur  for  tests  in  air;  reignition  v/ould 
not  occur  for  tests  in  air  v.'ith  restricted  samples;  self- 
sustained  burning  v/as  oscillc'iLory  in  ciiaracter  (1G-20  Hz). 
For  the  DB  propellant  v/ithout  carbon  addition  (a=10  ciTi~1) 
dynami  c  extinction  could  not-  bf  ol>taint;d  (recall  :  maximum 
ractiant  flux  way  10  cal/  cm-^s);  self-sustained  burning 
v/as  again  oscillatory  (10  Hz).  For  both  propellctnl  s ,  v.'hen 
deradiation  occurod,  the  burriing  surface  v/as  immediately 
covered  with  a  dense  distribution  (1005  for  DB  h  It  C  and 
50%  for  DB  v/ithout  Ccarbon)  of  bubbles  (0.1  nun  diarif  ter)  , 

The  authors  fuiggesteci  that  this  may  bo  associated  v/ith 
gas  evolution  broach,  in  the  subsurface  layer,  caused  by 
tliO  sharp  burning  rate  decrease.  The  autliors  further  em¬ 
phasized  the  multidimensional  nature  of  phenomena  occur- 
ing  at  and  near  the  burnii\g  surface;  unsteady  and  nonuni¬ 
form  character  of  burnj.ng  surface,  on  microscale  level, 
even  for  st.eady  combastion;  lev/  frequency  (10-20  Hz)  burn¬ 
ing  assocj.ated  v/ith  condensed  t’nermal  wave  relaxation  time, 
higher  frequency  (50  to  100  Hz)  being  pi'obably  associated 
v/ith  local  small  scales  of  burning  surface. 


§  1.3.3  -  Nonlinear  oscillating  coniV>ur.ti  on 

The  original  worl\  of  Huffing  ton  (Refs.  65 -60)  on  chuf¬ 
fing  and  oscillatory  burning  of  cordite  goes  liack  to  the 
beginning  of  the  '50.  Experimental  results  and  a  theoretical 
interpretation,  in  terms  of  condensed  pliasc  thermal  explo¬ 
sion,  wore  ai.ven  for  both  plienoroena.  The  proposed  mechanism 
for  oscillatory  burning  of  cordite  is  the  successive  explo¬ 
sion,  assisted  by  gas  phase  heat  feedback,  of  discrete  sur¬ 
face  layers  of  decreasing  thickness  with  ijicreasing  pres¬ 
sure.  The  Frank-Kamenetskii  the/rmal  explosion  theory  (Ref. 
67)  v/as  extended  to  consider  a  monodimcnsional  slab  of  de¬ 
composing  explosive,  enclosed  botv/een  tv/o  piirallel  walls, 
with  one  surface  (liot  boundary)  subjected  to  a  constant 
rate  of  heat  transfer  v/hile  the  other  (cold  boundary)  is 
maintained  at  a  constant  temperature.  For  cordite  this  tem¬ 
perature  v/as  taken  as  the  molting  temperature  (460  K)  ;  for 
other  cases  it  was  just  the  ambient  temperature.  The  solu¬ 
tion  determines,  for  a  given  heat  transfer  rate  to  the  burn¬ 
ing  surface,  the  critical  slab  thickness  and  surface  tempe¬ 
rature  above  v/hich  the  volumetric  decomposition  develops  to 
explosive  rates.  These  critical  values  were  found  to  depend 
on  the  dimensionless  parameter  E^/(?T_^  , being  E  the  activa¬ 
tion  energy  of  the  distributed  exothermic  reaction  (assumed 
of  Arrhenius  type)  in  the  condensed  phase  and  T_  the  cold 
boundary  temperature.  The  theory  was  quite  successful  in 
predicting,  at  20  atm,  a  thickness  of  layer  burnt  off  in  a 
single  explosion  of  about  50  pm  and  a  frequency  of  about  40 


Hz. This  thcorotical  a[j;jroach ,  riiniarhable  25  years  aqo,  suffers 
today  tho  kiiov.ui  iijiutatiuiis  of  fcJic  Franh-Kanx-netskii  t;jqx;  of  theory. 

h  rGlativoly  .larcio  aiiiount  of  w<jrk  on  c;scillatory  laurni nq 
of  sovorc^l  roaoLivo  iiuit. or ii.il r; ,  including  DB  and  AP-Oasot)  ce'.-iijio- 
site  projji,:.!  laii!. ,  v.'as  ).)erIormcd  by  Soviet  investiyate  rs .  A  qoo<i 
reviov/,  r.r)';tiy  locased  'an  th'a  tliveorotical  cispects  c;f  tiiis  ci\ie;-- 
tion,  is  conLahi(.'d  in  bovoziii  lov '  s  monograph  on  solid  propel  l.auL 
burning  (Hof.  AO).  In  particular,  a  numerical  solution  for  tlie 
unstc'ariy  pi'op:tq.iL  j  on  of  an  exo  the  /  airi  c  roacLion  front  in  a  gas- 
Jess  system  (c:on' ler;si.-d  phase  onei  qy  equation  cou[)led  v.'j.th  a  n  i  r.- 
tributed  che;iiieaJ  rtjactic-’n  rate  of  Arrohnius  type)  v/t-s 

given  in  1971  (V'er.  f>B).  The  i.ilh.'r  ^'nque  iiK:Ciinni.sn'i  invoked)-.'  tlr- 
authoit;,  to  (.'Xplain  tho  one  .il  la  t  i  ng  cOi.iVi\ist;  i  on  observed  under  a 
V'ide  com;.)ina  1  i  i)j)  of  tlic  reltvanl  p-' rani'etor  s ,  relies  ori  the  "ex¬ 
cess  enthalpy"  of  tlic?  .'jtCiidiiy  j:))’(.p..i(!atiri!;  combust i:  .a  front  as 
compared  with  t.ho  entlr.i  .1  jiy  of  tlie  initiial  i.ial  eriaJ.  Liiirovich 
and  Makhvi ladzi!  (Ref.  G9)  toe-k  up'  this  i>rob  1  (.;m  in  1974;  they 
simi)l.ificd  the  gasJe'-;;;  ;iystcm  by  c<tns,ider  :i 'ag  a  collapsed  chejn.i- 
cqI  layer  separating  the  iiiitial  liiaLo'i.ti  i'rom  tiio  combustion 
products.  An  analytical  se'lut  ion  v.as  founa  via  an  into'jral  ith'.  i 'a- 
od  {Fourier  transJ'orjn)  ajid  success. i'lil ly  compared  v;ith  thc^  previ¬ 
ous  numerical  f-xjlution  of  Kof.  68.  In  boLl'.  cases  an  increase  'd 
the  activation  cnc.'rgy  was  found  to  i  nci'oas.s'  tlic  pcrioxl  of  the  e- 
scillating  coiiibais  Lion  rate  and  tlie  rsmount.  of  move, non  1  of  tlie  re¬ 
action  front  during  one  ov)ci  llati.on ,  but  tlocrcase  the  moan  vein.- 
city.  Frequencies  v;ero  of  t'nc  order  of  several  10  Hz.  Tlio  oscil¬ 
lating  moc.hanism,  accordineg  to  Lil.irovich  and  f’akhv i  ladzc  ,  cons i  r,.o_s 
of  cl  .succession  of  fast  birm-up  of  unreaeied  but.  heated  layers, 
each  rec(uiring  a  prolonged  thermal  time  lag  for  tho  ignition  to 
occur . 

Expcrimo.’dal  I'e.sults  on  5icl f -sustained  oscillatory  combu:-.- 
tion  of  pure;  and  metall.ized  DP  propellants,  both  in  a  strand  bur¬ 
ner  and  rocket  roinbust.ie.a  ch.imbor,  wore  pul.il.ished  by  Svefliclinv 
et  al.  (Uef.  70)  In  1971.  In  the  pressure  I'ange  1-140  atm,  combu. • 
t.ion  oscillations  (revi.'.iled  by  radiation  onis.sion  and  electr .i.uM  1 
conductivity  of  chc  burning  zone)  up  to  several  10  !lz  v;cre  dctci.,;-. 
cd .  The  author.s  iiuali  Iv;  tivcl  y  ascribed  those;  oscillations  to  un- 
stab.le  llic.rn’,al  relaxation  of  thc>  condensed  phase  heated  layer. 

JIov;evor,  according  to  tire  same  autlrors  (Ref.  70)  ,  solf-su- 
stainc’d  osc.Lllalxrry  burning  of  the  same  DB  jjr opol  Icint s  at  pre.s- 
surc  less  lliaii  70  atr.i  is  due  to  incomplotc  combustion.  This  and 
other  o.seil  luting  incchaniErc- rc  lat;t;d  to  bui'iiing  peculiarities 
(c.  n  .,i  ncomplete  burning  invoked  in  Ref.  70  and  inhomogeneitics 
of  the  comfiustion  wave  in  Refs.  71-72)  are  out  of  the  scope  of 
thi.s  work.  Oscillatory  burning  duo  to  combustion/fluid-dynamics 
coupling  (o.g.,  see  Ifef.  73)  is  also  out  of  the  scope  of  this 
work.  In  this  work  sel  f-.su.s  tainoJ  oscillatory  burning  of  exclusi¬ 
vely  tliermok i  netic  cliaracter  is  considered  for  the  v;idc  class  of 
hotel oqeneous  combustion  systems.il  will  be  shown  that  this  typo 
of  o.'.ci  llatory  burnt  nej  is  mainly  related  to  the  presence  of  a 
strongly  cxotlicrmic  chemical  re.action  in  the  condensed  phase 
(colJapsed  at  tlie  l^urnincj  surface).  Pressure  will  be  seen  to  fa¬ 
vor  s lability.  The  combustion  frequency,  of  tlie  order  of  few 
10-100  llz,  will  be  found  to  increase  with  pressure.  The  charac- 
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teristic  burning  rate  spikoH  associated  v/ith  tliese  oscillations 
intuitively  confirm  the  phy.sjca.1  mechanism  suggested  by  Libro- 
vich  and  Haldivi]  adze  (itef.  69). 

First  deta i]  ed  anabytical  predictiojis  and  numerical  rcnsults, 
for  a  model  explicitly  considering  the  heterogeneous  burning 
of  a  solid  p'opellant  (quasi-stcady  MTS  flame),  were  offered  by 
De  liLica  (Refs.  2-3)  in  1976.  Other  results  and  an  internreta  ticvi 
in  terms  of  b i.turca  tion  diagrams  were  given  by  De  Luca  (Refs.  12,13) 
later.  Kooker  and  Nelson  (Pn.d:.  74)  numerically  confirmed  the 
existence  of  a  self-sustained  nsc.-iilatory  burning  regime  for  sol¬ 
id  oropollants  (the  qua'ji-stcady  KTSS  linearized  flame  model  v;as 
adopred)  ,  but  v.’irhout  making  any  attempt  to  predict  the  ex  j  s ;  ojice 
and  the  properties  of  such  a  special  regime.  The  assumption  of 
quasi-stcady  gas  phase  in  these  dovciopments  might  l:)e  open  to 
critici.sm,  as  riulitly  pointed  out  by  T'icn  (Ref.  75).  Peters 
(Ref.  76)  numorically  o'esorvod  self --susta  i  nod  oscillations  of 
hybrid  burning  of  porous  spherical  particles  of  comljustible  ma¬ 
terial  immersed  in  an  inf  ini  to  steignant  oxidizing  aimophere  by 
solving,  via  an  integral  method  (polyno;uial  space  dependence 
of  the  relcva.'.t  vaj  ia!.>l  e.s)  ,  the  tjoverninej  set  of  6  ODE '  s .  A  ri¬ 
gorous  analytical  treatment  of  tlie  oscillating  co:p)-'U.s ti on  as.so- 
cioted  vrith  gas.less  burning  of  condensed  systems  discussed  in 
Refs.  68-69  v.'as  recently  offertKi  by  Matho\.'ski  and  eivashinski 
(Ref.  77).  They  sho'>.-ed  that  a  per  i  odi  ca  1  ly  pul  sati.ng  .soluticji 
arises  a:.-  a  llopf  bifurca.tion  fi'orn  the  uniformly  propagating  so¬ 
lution,  the  bifurcati.on  paramete.r  being  the  product  of  a  noirdi- 
menr.ional  activation  energy  and  a  factor  measuring  the  diffe¬ 
rence  between  nondimensional ized  temperatures  of  unburned  react¬ 
ing  material  and  the  c<.>mbu.stion  products.  The  amplitude,  frequen¬ 
cy,  and  velocity  of  tlio  propagating  pulsating  front  v;ero  also 
coini;uLed  (v.'itliln  tlio  f r;..mewor j;  of  a  nonlinear  treatment). 


CH7iPTER  2  --  K10‘:t,T!;rar  THEORY  OF  SOLID  PROPFLI.ANT  COFHU3TION 
ST>~DrL.i'TY 

In  this  c'hrptor  an  ovor^'iew  of  tlie  theoretical  c.civelop- 
ments,  both  analytical  anu  nuraerical  ,  concerniny  nonlinear 
burning  stability  of  solid  propellants  is  oftored.  J'irst  the 
basic,  a.ssuir.ptions  and  equations  arc  revised,  then  thc'  trans- 
forma  t.i  on  of  thc  yo^’crning  PDE  into  an  ODE  is  per  fori;  cu. 

This  ailov/s  us  to  define  static  and  dynamic  stability  i>roper 
tics  of  burning  solid  propcil  lants ,  For  the  first  time  v/ith 
respect  to  previous  reports  by  this  research  group: 

(a)  results  obtained  hy  usiioa  MTS,  KTSS  (both  linearised 
anci  nonlinear  versions),  KZ ,  and  LC  flame  model.s  are 
compared , 

(b)  the  validity  of  the.  nonlincai;  dynamic  stability  loundary 
is  extended  to  complicated  forcing  .functions  .such,  as  si¬ 
multaneous  cicradiation  ^■lnd  dopressuri  xa  i  ion  ,  consecutive 
de.radiatiori  and  dcprcissuri za t i  on  ,  radiiition  p.-lses. 

(c)  thc  nonlinear  stability  theory  includes  nov;  the  case  of 
specific  lioat  ratio  not  necessarily  unity  (Cg/C^  ^  1) 
and  tlie  case  of  radiative  heat  loss  from  the  burning  sur 
face  not  necessarily  zero  (t:  /  0). 

(d)  tl)e  range  of  sei f-su.etcai.ned  osc;illato.ry  ,b\irning  is  inve¬ 
stigated  in  detail  both  at  largo  and  iov/  pressure. 

(e)  new  ccncapts  about  t'ao  pressure  deflagration  limit  are 
illustrated  in  detail. 

(f)  further  results  on  ignition  transients  are  presented. 

Moreover,  some  detailed  analyses  of  the  MTS,  KTSS  {both 
l-inearized  and  nonlinear  versions),  KZ ,  and  LC  flame  models 
are  offered.  Numerical  computations  verifying  roo.st  of  the  a- 
nalytlcal  predictions  are  shov;n.  A  section  on  the  state  of 
the  art  of  the  nonlinear  burning  stiibility  theory  ends  this 
chapter.  Experimentai  rcisults  from  shock  tube  and  depressu¬ 
rization  strand  burner  are  reported  in  Ch .  3;  experimental 
results  by  laser  techniques  are  reported  in  Ch.  4. 


Sec.  2.1  -•  BACKGROUND  AND  NO.M.RNCL/iTURE 


The  physical  system  dealt  with  is  presented  in  its 
most  general  form  in  the  schematic  of  Fig,  la.  The  oressure 
of  the  vessel,  the  radiant  flux  impinging  on  the  surface  of 
the  strand  (originating  exclusively  from  some  external  ener¬ 
gy  source) ,  the  ambient  temperature  measured  at  the  cold 
boundary  of  the  propellant  sample  (supposed  to  be  infinite¬ 
ly  long),  and  any  other  parameter  which  can  be  controlled 
in  a  knovm  way  from  the  outside  of  the  vessel  are  designa¬ 
ted  as  controlling  parameters.  /G  change  of  one  or  more  of 
these  controlling  parameters  will  affect,  in  some  way,  the 
state  of  the  physical  system  and,  consequently,  they  are 
also  called  external  perturbations. 

On  the  other  side,  we  designate  as  intrinsic  perturba¬ 
tions  sources  all  those  "small"  (in  a  sense  to  be  specified) 
irregularities  and  imperfections  always  present  in  the  real 
world  but  which  are  nevertheless  neglected  in  the  idealized 
picture  of  Fig.  la.  For  cxaii’.ole,  nonuniform  coiaposition 
of  the  strand,  impurities  variuosly  scattered  in  the  conden¬ 
sed  phase,  complicated  geometry  of  the  burning  surface,  etc. 
all  contribute  to  hopefully  small  but  persistent  differences 
of  the  actual  phenomena  from  those  described  by  matliematicol 
models . 

Whetlicr  the  porturbatioii  sources  are  external  or  intrin 
sic,  the  prj.or,  supposedly  unperturbed,  steady  state  profile 
of  temperature  in  tlie  com.bustron  wave  will  be  modified  to 
some  now  perturbed  unsteady  x:jrofile.  Let  us  define  the  di¬ 
sturbance  temperature  profile  as  the  profile  of  tlie  point- 
by-point  d  j,  f.  forenco  between  the  perturbed  profile  and  the 
original,  unpc.rturb<d  profile.  The  general  problem  of  static 
stability  may  be  stated  as  follows:  given  a  stationary  sta¬ 
te  of  the  physica.l  system,  the  system  is  forced  to  a  close 
but  nonstationary  slate  and  it  is  asiced  w’hetlier  the  system, 
after  a  long  enough  xicriod  of  tine,  will  go  baclv  to  its  ini¬ 
tial  state  or  will  move  av;av  "Prom  it.  In  tlie  specific  physi¬ 
cal  configuration  consioered-  in  this  study,  it  is  as)\ed  whe- 
tlier  tlxo  disturbance  terij-'oriT  tu.re  profile  will  die  out  in 
time  or  nor.  '’athemati  cal  ly ,  the  oroblem  is  an  initial  va¬ 
lue  problem  and  is  usually  dc'sc.ribed  by  a  parabolic  type  of 
partial  differential  equation. 

It  i.s  of  concern  to  di.^:  1  j.ngu i  sli  between  stcati.c  and  dy¬ 
namic  slab' li  tv.  'J'he  general  problem  of  dynamic  stability 
may  be  stuLed  as  follows;  ofven  an  initial  stationary  state 
of  the  pliysical  system,  the  system  is  forced  to  a  different 
(final)  stationary  state  by  moans  of  appropriate  changes  in 
time  of  pressure  and/or  radiant  flux  and  it  is  asiced  whether 
the  system,  after  a  long  enough  period  of  time,  will  reach 
the  wanted  final  state  or  another ( if  existing )f ina 1  state.  In 
other  words,  the  stability  of  a  system,  where  intrinsic  per¬ 
turbation  sources  o-xclusively  are  considered  to  be  acting 
(stability  of  a  state)  is  called  static . Conversely ,  the  sta- 


of  a  system  in  which  the  external  controlling  para¬ 
meters  are  changing  in  time  and  miiltiple  final  states  ex¬ 
ist  (stability  of  a  transition)  is  called  dynamic.  It  v/ill 
be  shown  that  in  the  latter  case  the  rate  of  change  in  time 
of  the  pressure,  for  example,  is  of  fundamental  importance 
and  this  explains  the  expression  "dynamic  stability". 

In  this  research  program,  the  ultimate  objective  is  to 
establish  boundaries  separating  rooions  of  stability  from 

those  of  instability  on _ seme  convenient  g raphica  1 _ plot  .  1 1 

will  be  shown  that  static  ai:d  dynamic  stability  boundaries 
are  different  in  nature. 

Since  the  mathematical  problem  is  formidable,  no  gene¬ 
ral  method  has  been  found  so  fiir  for  solving  the  stability 
problem  in  its  various  aspects.  Historically,  a  large  amount 
of  work  has  been  devoted  to  stability  problems  in  fluid  dy¬ 
namics.  A  standard  treatment  in  this  and  related  fields  is 
the  linearixed  approach.,  which  is  based  on  two  essential  as¬ 
sumptions;  disturbance  quantities  infinitesimally  small  and 
a  mathematical  model  (dif ferential  equations,  boundary  con¬ 
ditions,  and  any  other  relationship)  containing  only  distur¬ 
bance  quantities  of  first  order.  Under  these  hypotheses,  the 
problem  reduces  to  an  eigcnv£ilue  formulation  whose  mathema¬ 
tical  theory  is  very  v;oli  developed.  Besides  this  standard 
approach  , several  other  appx'oximate  and  often  ad  hoc  laethocls 
have  been  set  up  in  various  fields  of  applied  sciences.  The 
reason  for  such  a  confvising  state  of  affairs  is  essentially 
one:  the  behavior  of  most  physical  systonw  is  described  by 
nonlinear  equations  and  nov;adays  not  only  a  mathematical 
theory  encompassing  all  types  of  nonlinear itics ,  but  even  a- 
nalytical  methods  capalile  of  dealing  with  specific  types  of 
nonlincarities ,  are  not  yet  available. 

In  this  study,  in  order  to  avoid  the  serious  drawbacks 
of  any  lineari2;ed  treatment,  a  nonlinear  combustion  stability 
analysis  by  means  of  an  approximate  approach  is  offered.  Ba¬ 
sically,  the  problem  v/ill  be  transformed  from  a  PDE  into  an 
ODE  formulation  via  an  integral  method.  Eotice  that  the  pro¬ 
posed  approach  requires  the  implementation  of  a  flame  model, 
since  Zeldovich  method  is  of  no  help  (see  Sec.  1.3).  However, 
any  flame  model  capable  to  describe  quantitatively  the  heat 
feedback  from  the  gas  phase  to  the  burning  surface  is  in 
principle  acceptable.  Tlie  choice  of  the  flame  model  is  at  the  op¬ 
tion  of  the  investigator.  Obviously,  the  prooosed  stability 
theory  can  only  e.xtract  the  stability  properties  (both  static 
and  dynamic)  implicitly  buried  in  any  flame  model.  This  fact, 
in  turn,  might  help  in  the  choice  of  the  best  flame  model 
for  a  given  combustion  problem. 

A  composite,  ammonium  perchlorate  based  solid  rocket 
propellant,  denoted  as  AP/PBAA  No.  941,  is  taken  as  datum  ca¬ 
se  throughout  this  rooort.  Hov/ever,  this  by  no  means  is  meant 
to  imply  that  the  approach  is  restricted  to  some  specific 
class  of  solid  propellants.  The  physical  and  chemical  proper¬ 
ties  of  the  propellant  AP/PBAA  No.  941  are  listed  in  Tab.1. 


Sec.  2.2  -  FORMULATION  OF  THE  GENER/'.L  QUASI-STEADY  GAS 
PHASE  TRANSIENT  PROBLEM 

Except  where  explicitly  excluded,  the  following  set 
of  assumptions  is  valid  throughout  this  work.  VVith  reference 
to  Fig.  1 : 

a)  Entire  Strand. 

1.  Monodimcnsional . 

2.  Constant  thermal,  physical,  and  chemical  properties. 

3.  At  cold  boundary,  in  thermal  equilibrium  with  ambient. 

4.  Subjected  to  no  external  forces  (acceleration,  gravity, 
electromagnetism) . 

5.  No  emission  of  radiation_  (only _external_ radiation  sources) 

b)  Condensed  Phase. 

1 .  Semi-infinite  slab. 

2.  Uniform  and  isotropic  composition. 

3.  Adj.abatic,  except  at  the  burning  surface. 

4.  No  chemical  activity. 

5.  No  radiation  scattering. 

6.  No  photochemical  effects. 

c)  Interface. 

1 .  Infinitesimally  thin  plane  surface  (collapsed  condensed 
phase  reacting  layer)  . 

2.  One-step,  irreversible  gasification  process  (pyrolysis). 

d)  Gas  Phase. 

1.  Semi- inf inite  column  of  gas. 

2.  Mixture  of  thermally  perfect  gases  of  average  molecular 
weight  ‘7l. 

3.  One-phase,  laminar,  nonviscous,  strongly  subsonic  flow. 

4.  Adiabatic,  except  at  the  burning  surface. 

5.  No  interaction  vrith  (external)  radiation. 

6.  Lev.’is  number  =  1,  each  chemical  species  has  the  same 
snecific  heat  C  ,  mass  diffusion  in  expressed  by  Pick's 
lav;;  therefore  ^the  gas  phase  can  be  described  by  a  sim¬ 
ple  thermal  model  (see  Sec.  2.3). 

7.  Quasi-steady  behavior,  v;ith  finite  reacting  layer  thick¬ 
ness. 

The  following  set  of  reference  para?ieters  is  used  fo'* 
nondimensionalizing  (v.’ith  specific  reference  to  the  propel¬ 
lant  AP/PBAA  No.  941  taken  as  datum  case;  see  also  Tab.  1): 
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from  which  one  gets 

the  following  nondimens ional  variable 

W 
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'  ref 
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pressure 
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= 

'  ref 

nondim. 

burning  rate 
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absorption  layer  thickness 

T 
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surface  heat  release 

Q 
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gas  heat  release 

F 

o 

= 
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nondim. 

radiant  flux  intensity 

« 

q 

nondim. 

conductive  heat  flux. 

Notice  that  for  the  temperature,  both  of  the  following  defi¬ 
nitions  are  used  according  to  need; 


(2.2.1a)  0 


T,  ,  -  T  , 

=  (  )  ref 

(  )  T  c  -  T 

s,.ref  ref 


(2.21b) 
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whore  the  choice  of  the  particular  definition  depends  on  the 
specific  physical  phenomenon  being  considered. 

The  general  nondirnensional  quasi-steady  gas  phase  tran¬ 
sient  formulation  includes  the  unsteady  condensed  phase  pro¬ 
blem  (Eq.  2.2.2),  relationships  accounting  for  the  surface 
mass  production  (Eqs.  2.2.3),  the  quasi-steady  gas  phase  pro¬ 
blem  (Eqs.  2.2.4  -  2.2.8),  some  auxiliary  relationships  assign¬ 
ing  the  gas  phase  and  burning  surface  heat  release  (Eqs. 2. 2. 9  - 
2.2.10)  and  the  time  history  of  the  controlling  parameters 
(Eqs.  2.2.11  -  2.2.12).  Obviously,  the  gas  phase  treatment  is 
not  complete  without  the  energy  equation  whose  first  integral 
gives  the  heat  feedback  law;  this  is  discussed  in  Sec.  2.3. 

For  details  about  the  writing  of  the  equations,  the  reader  is 
referred  to  Ref.  3. 


If  *  «  f  =  0  "  Vc 

0(X,x  =  0)  =  assigned 

(2.2.2)<  eiX  -*  -“,T)  =  0_^ 


<S>g,s  - 


X  ^ 
c 

-  ■'K- 


3 


IIPDEt^0,X<  0 
IC 
BC2 

BC1 


where  the  boundary  condition  BC1  at  X=0  merely  states  the  ener¬ 
gy  conservation  at  the  burning  surface  (see  Fig.  1b) . 

The  specific  form  of  the  function  f(X,X)  depends  on  the  op¬ 
tical  model  of  the  condensed  phase  (absorbing  vs  absorbing¬ 
scattering)  and  nature  of  the  external  radiation  source  (mono¬ 
chromatic  vs  polychromatic  and  collimated  vs  uncollimated) .  If 
the  impinging  radiation  is  polychromatic,  the  burning  surface 
reflectivity  r(X)  in  the  boundary  condition  BCI  at  X  =  0  shall 
be  wavelength  averaged;  if  the  burning  surface  composition  is 
not  uniform,  r(X)  shall  also  be  surface  averaged;  if  the  burn¬ 
ing  surface  is  not  a  diffuse  reflector,  the  angular  dependence 
of  r(X)  shall  be  taken  into  account.  Details  about  the  radia¬ 
tion  distribution  in  the  condensed  phase  and,  more  generally, 
about  the  derivation  of  Eq.  2.2.2  can  be  found  in  Ref.  7,  for 
example.  For  the  common  case  of  an  optically  transparent  con¬ 
densed  phase,  assumed  absorbing  but  not  scattering,  the  fami¬ 
liar  Beer's  lav;  is  obtained 

—  exp(X/6  ) 
o  « 

a 


f  (X,X) 


X  ?  0 
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to  be  evaluated  at  the  particular  operating  wavelength  if  ra¬ 
diation  is  monochromatic. 

In  the  boundary  condition  BC1  at  X  =  0; 

^  d  0 

,R)  =  Y*  o  is  nondimcnsional  heat  feedback 

''"c  to  be  defined  by  a  flame  model? 

is  the  nondimensional  heat  loss  from 
the  burning  surface  to  be  explicitly 
given; 

conventionally  supposed  positive  if  endothermic; 

is  a  transparency  factor  (N^=0  for  opaque  condensed  phase 
and  =  1  for  transparent  condensed  phase) . 

The  last  point  deserves  some  comment.  The  hypothesis  of 
a  collapsed  reacting  layer  might  imply  in  some  cases  that  a 
certain  thickness  of  condensed  phase  is  shrunken  to  an  infi¬ 
nitesimally  small  value.  For  consistency,  the  (external)  ra¬ 
diant  flux  should  be  separated  in  a  portion  deposited  directly 
at  the  surface  (as  if  the  propellant  were  opaque)  and  in  a 
(remaining)  portion  distributed  volumetrically  in  the  condensed 
phase  according  to  the  proper  extinction  coefficient.  The  tra- 
sparency  factor  N. ,  therefore,  should  be  set  equal  to  the  frac¬ 
tion  of  radiant  flux  absorbed  in  the  reacting  layer  when  it  is 
thought  of  as  extended.  However,  the  extent  and  the  very  exi¬ 
stence  of  a  condensed  phase  reacting  layer  is  an  extremely  con¬ 
troversial  question.  In  this  study  N^.  is  taken  either  as  0  or  1  , 
although  this  is  not  a  necessity. 

Heat  losses  from  the  burning  surface  typically  occur  by 
radiative  emission: 


<51(03)  " 


[®s'’'s,ref-’'ref>  *  ’’ret]'  '  [°a  ,  ref^'ref  >  ^  '■'ref] 


^c^c  ^ref  ^'^s,ref"'^ref^ 


being  e  the  burning  surface  emissivity  and  a  the  Boltzmann 
constant. 

As  to  the  surface  mass  production,  the  following  combined 
pyrolysis  is  used  according  to  need  both  for  steady  and  unsteady 
states : 

(2.2.3a)  R  =  exp[  - 1)]  Arrhenius,  0^  ^  0j^ 

^s,ref  s 

(2.2.3b)  R  =  (0^  -  0^^^)^^  KTSS,  ®k  ^  ®s  ^  ®m 


s  m 


(2.2. 3c)  R  =  0 
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where  0^  is  some  empirically  defined  minimum  temperature 
under  which  the  solid  propellant  undergoes  no  chemical  acti¬ 
vity,  The  power  w  is  determined  by  matching  the  two  pyroly¬ 
sis  laws  at  a  given  surface  temperature,  say  0s=0kf  near  the 
ambient  temperature.  This  formulation. of  the  pyrolysis  law 
allows  us  to  avoid  the  "cold  boundary  difficulty"  of  the  Arr¬ 
henius  expression. 

Relationships  for  the  quasi-steady  gas  phase  include  the 
mass  continuity 

Pc 

(2.2.4)  U  (X,T)  =  p  — 77  ' 

the  momentum  equation  describing  a  trivial  pressure  distribu¬ 
tion  (possibly  changing  in  time) 


(2.2.5)  T(X,t)  =  W(t)  ; 

the  state  equation  (in  dimensional  terms) 

(2.2.6)  P(t)  =  (x,t)  £rTU,t)  ; 

^  Oil 

the  integral  energy  balance  assigning  the  quasi-steady  flame 
temperature 

C  <5 

(2.2.7)  0j(T)  =  Qg  +  ^  (Q  - 

g 

an  estimate  of  the  (average)  characteristic  flame  thickness 
given  by 


la. 


'  I 

*  i 


P 


(2.2.8)  Xj  -  R  0^/Pg  =  R  (Y^o> 

where  t  is  a  characteristic  reaction  time  to  be  defined  by  a 
flame  model. 

The  heat  release 
on  pressure  only 


(2.2.9)  Q(T)  =  0  (T) 

being  the  pressure  dependent  portion  of  the  steady  net  heat  re¬ 
lease  at  the  burning  surface  defined  by 

Bif)  =  +  -2^^  [l  -  \('l') 

C  U  -I 


in  the  gas  phase  can  be  assumed  dependent 
+  ^[  0f  (T)  -  0g('l')J  +  H(W) 


The  quantity  has  to  be  assigned  independently  and  strict¬ 

ly  depends  on  the  original  condensed  phase  composition  only. 

For  example,  for  the  broad  class  of  nonmetallized,  AP  composite 
propellants  (Ref,  82c) 


(2.2.10) 


^cr,AP  ^  ®v,AP 


^NH^/HCIO^^  ^v, Binder 
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taking  into  acc>ount  the; 

(1)  endothermic  pxocesses  of  AP  crystalline  transition  from  or- 
thorombic  to  cubic  at  240°C  and  AP  dissociative  sublima¬ 
tion  of  zeroth  order  with  respect  to  pressure. 

(2)  exothermic  reactions  of  ti.e  premixed  NH3/HCIO4  flame  due  to 
AP  decomposition  (this  flame  is  so  thin  down  to  1  atm  that 
it  can  be  collapsed  at  the  burning  surface) . 

(3)  endothermic  binder  gasification. 

The  steady  dependence  of  burning  rate  on  pressure 
R  =  R  (’!') 

at  standard  conditions  (300  K  ambient  temperature  and  adiaba¬ 
tic  combustion)  is  assumed  experimentally  known.  The  steady 
dependence  of  adiabatic  flame  temperature  on  pressure 

0f  =  Of  (W) 

is  assumed  known  from  standard  equilibrium  thermochemistry. 

For  example,  for  the  datum  case  considered  (see  Tab.  1),  the 
following  relationship  was  found  to  hold  up  to  100  atm;  in 
dimensional  terms 

'  '"f.ref  -  i  “"ref  ' 

where  j-  f  ~  2430  K  and  P^.^^  =  68  atm  (Ref.  29b),  The  steady 
flame  terfiperature  in  the  presence  of  an  external  radiant  flux 
can  be  obtained  by  the  following  integral  energy  balance  in 
the  gas  phase 

_  C  -C  r_ 

0^(T,Fp)  =  0j(W)  +  -^-2  |^0^(W,F^)  -  0g(T) 
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Finally,  it  is  understood  that; 

(2.2.11)  'I'(t)  =  externally  assic-rcd 

(2.2.12)  ~  externally  assigned 
according  to  the  wanted  transient  burning. 


Sec.  2.3  -  QUASI -STEADY  FLA.ME  MODFJLS 


In  order  to  define  explicitly  the  function  ^  ^  (W/R) 

required  for  the  BC1  of  the  PDE  describing  the  tr^Asient 
thermal  profile  in  .the  condensed  phase  (Eq.  2.2.2),  a  flame 
model  has  to  be  chosen.  It  is  emphasized  that  any  flame  mod¬ 
el  can  be  picked  up.  For  the  composite  propellant  7U?/PBAA 
No.  941  taken  as  a  datum  case,  several  flame  models  were  test¬ 
ed:  MTS,  KTSS  (both  developed  by  Summerfield  and  cov;orkers), 

KZ  and  LC.  These  flame  models  are  all  thermal  in  nature  and 
invoke  the  assumptions  mentioned  in  Sec.  2.2. 

§  2.3.1  -  MTS  flame 

The  model  worked  out  by  Merkle,  Turk,  and  Summerfield 
(MTS,  Ref.  29)  is  basically  a  juidicious  combination,  based 
on  experimental  data,  of  the  diffusive  and  kinetic  aspects 
of  the  gas  phase  reactions.  The  model  worked  out  by  Krier, 
T'ien,  Sirignano,  and  Summerfield  (KTSS,  Ref.  83)  can  be  seen 
as  a  particular  case  of  the  previous  one  when  the  flame  is 
purely  diffusion  controlled.  The  MTS  model  will  be  used  for 
most  of  the  theoretical  developments  of  this  report.  For  a 
detailed  knowledge  of  how  the  model  is  derived,  the  reader 
is  referred  to  the  original  Ref.  29b  and  also  to  Refs.  82, 
84-85  treating  the  GDF  theory  from  which  the  MTS  flame  model 
has  evolved.  Only  qualitative  comments  will  be  offered  here. 

Any  pattern  of  chemical  reactions,  no  matter  how  compli¬ 
cated,  involves  the  two  physically  distinct  phenomena  of  mass 
diffusion  and  chemical  kinetics.  It  is  knov/n  from  homogeneous 
combustion  theory  that  quite  often  diffusion  processes  domi¬ 
nate  the  kinetic  processes  in  the  sense  that 


T 


di 


>> 


1 


or,  conversely,  tlie  opposite  extreme  may  be  true.  These  two 
limiting  configurations  arc  respectively  known  as  diffusion 
and  premixed  flames.  For  heterogeneous  combustion,  in  parti¬ 
cular  of  solid  propellants,  there  are  instances  in  which 
the  gas  phase  portions  of  the  deflagration  wave  may  be  trea¬ 
ted  according  to  one  of  the  above  limiting  configurations. 
But,  in  principle,  especially  for  transients  connected  to 
large  excursions  of  the  controlling  parameters,  the  gas  pha¬ 
se  treatment  of  a  heterogeneous  combustion  wave  has  to  ac¬ 
count  for  both  processes.  This  was  originally  done  by  Sum¬ 
merfield  in  his  GDF  theory  for  the  AP  steady  flame  model.  La¬ 
ter,  an  extension  was  made  for  the  AP  quasi-steady  flame  mo¬ 
del  accounting  for  variable  flame  and  surface  temperatures. 
Although  derived  for  the  specific  case  of  the  AP  class  of 
propellants,  the  formulation  of  the  MTS  flame  model  is  quite 
general  and  may  be  adapted  to  other  cases  of  heterogeneous 
combustion . 


For  the  specific  case  of  AP  composite  propellants, 
the  MTS  flame  model  accounts  not  only  for  the  granular  dif¬ 
fusion  flame  (GDF)  of  the  oxidizer  with  the  binder  (Ref. 29), 
but  also  for  a  distended  premixed  flame  corresponding  to  the 
AP  decomposition  products  nurning.  In  this  study,  the  simpli¬ 
fied  version  with  the  premixed  flame  collapsed  at  the  burning 
surface  has  been  adopted.  This  assumption  is  acceptable 
(p.  28  of  Ref.  29b)  for  pressure  values  not  lower  than  say, 

1  atm.  The  most  important  parameter  characterizing  the  gas 
phase  during  a  quasi-steady  transient  is  the  heat  feedback 
to  the  burning  surface.  According  to  the  (collapsed)  MTS 
flame  model,  the  nondimensional  heat  feedback  is 


r/t'..  /t*.1  -exp  ( -R^  T '  )- 

(2-3.1)  4  “  QR  expi-nH'  )  +  ■  ~:z~b  - ; - —  ' 
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v/here  t',  .  is  a  nondimensional  kinetic  time  parameter; 
ki 

T,di  is  a  nondimensional  diffusion  time  parameter; 

is  a  nondimensional  reaction  time  parameter; 

R  is  given  by  an  Arrhenius- type  pyrolysis  law,  typically. 

Following  the  MTS  flame  model  development,  we  put 


'f  r  ^f/^  1  1 

^  exp  -  (t - 1 ) 


(2.3.2)  /  ki  =  li; 


where  a  second  order  gas  phase  reaction  has  been  postulated 
to  occur  wholly  at  the  highest  temperature  (p.  29  of  Ref. 
82a)  and 


(2.3.3) 


t'  .  =  B„ 
di  M 


(T^)5/6 

(T)  ’/s  (T^l^e 


where  the  diffusional  mixing  rate  of  fuel  pockets  with  the 
surrounding  atmosphere  of  oxygen-rich  gases  is  assumed  to 
depend  on  the  surface  temperature  'I'g(P»  31  of  Ref.  82a). 

The  two  constants  A„  and  B  are  determined  for  each 
propellant  by  the  best  fit  of  the  steady  state  burning  rate 
theory  to  the  measured  burning  rate  data  (p.  38  of  Ref.  29b). 
An  application  is  shown  in  Fig.  2  for  the  propellant  AP/PBAA 
No.  941.  In  the  spirit  of  the  GDF  theory,  it  is  further  as¬ 
sumed  (e.g.,  see  p.  33  of  Ref.  29b)  that  the  overall  solid 
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propellant  reaction  time  parameter  can  be  expressed  as  the 
foilov/ing  simple  combination  of  the  two  above  limiting  cases: 


(2.3.4) 


This  relationship  was  shown  to  represent  the  pressure  depen¬ 
dence  of  the  burning  rate  quite  accurately  for  a  v/ide  range 
cf  composite  propellants  (Ref.  82)  and  also  to  describe  the 
depressurization  extinction  correctly  for  composite  and,  to 
son'C  extent,  double  Ijase  propellants  (Ref.  29)  .  Hov;over,  it 
should  be  recognizeil  that  the  wliole  MTS  approach  depends  on 
the  arbitrary  csssumption  of  Et[.  2.3.4  and  the  choice  of  the 
and  constants.  Mow  this  choice  is  affected  by  the  fit¬ 
ting  procedure  mentioned  above  is  illustrated  in  Fig.  2 
(different  laressure  interval)  and  Fig.  3  (different  low  end 
of  the  pressure  interval). 


§  2.3.2  -  KTSS  flame 

According  to  K'l’SS  flame  model,  the  nondimensional  heat 
reedback  to  the  burning  surface  (Ref.  83)  is 


(2.3.5) 


Q 

R 


1-exp  (-R2t ’^^  .  ) 


where  t'  is  an  average  nondimensional  diffusion  time  para¬ 
meter; 

R  is  given  by  a  power  pyrolysis  law, typically . 

Notice  that  the  above  KTSS  heat  feedback  law,  derived  for  a 
di f f usionally  controlled  AP  flame,  is  a  particular  case  of 
the  MTS  heat  feedback  law  where 


T  ' 
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(2.3.6)  T' 
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~  const  _  — 


(T)  2/3 


di 


that  is,  v;hon  the  diffusion  time  parameter  is  much  larger 
than  the  kinetic  time  parameter  and  is  temperature  indepen¬ 
dent.  Extensive  experimental  investigation  (Ref.  82)  shows 
that  for  AP  propellant  flames  the  diffusional  mixing  is, 
indeed,  sensibly  slower  than  the  chemical  kinetics  as  long 
as  the  pressure  is  larger  than  say,  l  atm.  It  is  also  expected 
(Ref.  29 )  that  flame  temperature  undershoots  during  decele¬ 
rated  transients  slow  down  the  chemical  kinetics  much  more 
effectively  than  the  diffusional  mixing  (compare  Eq.  2.3,2 
vs  Eq.  2.3.3). 
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In  its  linearized  version,  the  nondimensional  KTSC  heat 
feedback  law  is  given  by 


(2.3.7) 


q 


g,s 


Q 


Rt  ' 


di 


which  is  a  particular  case  of  the  full  expression  (Eg. 2. 3. 3), 
when  the  further  assumption  is  made  that 


(2.3.8)  exp(-R^T^^)  <<  1 

corresponding  to  rjji  very  large  but  finite  burning  rate.  The 

constraint  of  Eg.  2.3.8  is  usually  valid  for  steady  burning, 

but  is  not  acceptable  in  extinction  transients,  since  under 

this  circumstance  R>0  while  x'  .  remains  finite  and,  there- 
c  di- 

fore  , 

exp  (-R^x^^)  ->-1.0 

Note:  in  the  linearized  version  coimnonly  used,  the  nondimen¬ 
sional  KTSS  heat  feedback  law  is  written  as 


(2.3.9)  q  (T,R) 

'■J  /  O 


ij,'?n 

~r“ 


^n/w  ^ 


Then,  by  comparing  Eg.  2.3.7  with  Eg.  2.3.9,  the  average  non- 
dimensional  diffusion  time  parameter  can  be  evaluated 


(2.3.10)  X'  .  =  -9- - — L__ 

'ii-  ij/Zn  ijjn/w  ^  H  (T) 

An  essential  ingredient  for  both  MTS  and  KTSS  flame  models 
is  the  experimental  stationary  R(T) curve.  The  steady  state 
structure  of  the  MTS  and  KTSS  models  are  respectively  shown  in 
Fig.  4  and  '^'g.  5  for  the  propellant  AP/PB7\A  No.  941.  It  is  v;orth- 
while  to  remark  that  even  the  linearized  version  of  the  KTSS  mod¬ 
el  can  accurately  reproduce  the  experimental  stationary  R(T) .  A 
comparison  of  the  two  plots  shov/s  no  strong  difference  as  to  the 
steady  state  behavior  of  the  flame  models  under  examination.  Con¬ 
sider  now  the  quasi-steady  behavior  as  plotted  in  Fig.  6  (MTS 
model)  and  Fig.  7  (KTSS  model).  It  is  obvious  that  the  linearized 
KTSS  model  is  physically  unrealistic  for  low  burning  rate. 

In  summary: 

(a)  stationary  or  small  perturbation  solutions  of  the  MTS  and 
KTSS  (even  linearized)  flame  model  are  similar  at  high  pres¬ 
sure,  since  in  these  instances  only  small  changes  in  tempera¬ 
ture  and  burning  rate  are  considered; 

(b)  at  low  pressure  and/or  low  burning  rate,  AP  flame  is  kineti- 
cally  controlled  and  therefore  should  not  be  described  by 
the  KTSS  (even  nonlinearized)  model; 


28 


(c)  the  KTSS  linearized  model  can  never  predict  extinction 
because  the  heat  feedback  law  is  found  to  be  inversely 
proportional  to  the  burning  rate. 


5  2.3.3  -  KZ  flame 

According  to  KZ  flame  model,  the  nondimensional  heat 
feedback  to  the  burning  surface  (Ref.  86)  is 


(2.3.11) 
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(2.3.12) 


w  (t) 
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is  a  nondimensional  mass  reaction  rate  per  unit  volume  (co  is 
measured  in  g/cm^s).  Tlie  power  3  is  the  reaction  order  of  the 
overall,  one-step,  irreversible  kinetics  controlling  the  gas 
phase  heat  release.  Taking  into  account  the  quasi-steady  mass 
continuity,  one  can  write 


X  C  X  C  p 

(2  13)  -S  X  =  -^  -2.  S 

g  c  g  c  g 


R(t)  t 
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where  t',  .  is  an  average  nondimensional  kinetic  time  parameter. 
The  heat^teedback  is  more  concisely  given  by 


(2.3.14)  ^ 


g,s 


=  Z 
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1  -  exp(- 


R2t  ' 


m'j 


v/here  R  is  assigned  by  an  Arrhenius  pyrolysis  law  and  Z  is  a 
constant  to  be  evaluated  for  each  propellant. 

The  further  assumption  of  linearized  behavior,  i.e. 


(2.3.15)  exp(-  <<  1 


requiring  t ' .  very  large  but  finite  burning  rate,  was  invoked 
by  the  authors  (Ref.  86) .  In  the  version  commonly  used,  the 
heat  feedback  is 


(2.3.16)  d  (T,R) 

y  /  fa 


7 

'  R(x) 


Obviously,  the  s^.me  comments  made  above  with  reference  to 
KTSS  linearized  flame  are  now  in  order.  The  authors  suggest 


to  evaluate  the  constant  Z  from  the  initial  (steady)  con¬ 
dition  of  the  burnina  transient  as 


(2.3.17) 


0.  +  H. 

Z  r2  i 

1  ,1,  3 

i 


Remark  that  in  this  way  the  flame  model  is  not  able  to  re¬ 
cover  the  steady  state  results.  Although  the  authors  state 
that  the  difference  is  not  important,  this  is  embarassino . 
In  this  v.'ork,  a  different  approach  v/as  taken:  the  constant 
is  evaluated  at_each  pressure  in  such  a  way  that  the  expe¬ 
rimental  curve  R('i')  is  reproduced 


(2.3.18) 


Z  (W)  =  r2  ('I') 


0  (W)  +  H 


Under  these  circumstances ,  KZ  and  KTSS  linearized  flame  mod¬ 
el  are  found  to  bo  identical  from  the  point  of  viev;  both  of 
heat  feedback  and  burning  stability. 

The  KZ  heat  feedback,  derived  for  a  kinctically  control¬ 
led  AP  flame,  is  conceptually  a  particular  case  of  the  MTS 
heat  feedback  vdien 


However,  from  a  pliysical  point  of  view  this  limiting  condi¬ 
tion  scorns  more  tyijical  of  DB  rather  than  AP-based  solid 
propellants.  Tn  any  event,  KZ  formalism  is  similar  to  KTSS 
since;  both  moc'cls  assume  a  distributed  heat  release  of  uni¬ 
form  Veduc  ovcj-  the  flame  thickness  Xf  (in  both  cases  the 
flame  i.s  supixosed  <ittachcd  to  the  burning  surface). 


§  2.3,4  -  bC  flame 

Accora'inct  to  I.C  flame  model,  the  nondimensional  heat 
feedback  to  the  burning  surface  (Ref.  87)  is 


E./P 

where  E  H  - 

s,ief 

T 

—  no 

A  =  K  (1  -  ip - ) 

r. ,  re  f 

The  ny rolys  is  law  used  by  LC  i s  a  generalized  version  of 
Arrhenius  expression  including  a  pressure  dependence  through 
tlie  power  n  (usually  n  ^0).  With  the  nomenclature  used  in 
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Ref.  87,  one  finds  for  Eq.  2.2.3a 


(2.3.20) 
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r  A 


R(t)  =  w 


exp 


*  I  (0,-  1) 


The  pressure  dependent  portion  of  the  heat  feedback  law, 
assumed  the  same  as  in  the  stei’dy  state,  is  embodied  in 
Eq.  2.3.19  v^ithout  ever  specifying  v/hat  tlie  dependency  is. 
K'i’SS  and  KZ  also  assumed  t)ie  pressure  dependent  portion  of 
the  heat  feedback  l^iw  to  be  the  sam.e  as  in  the  steady  state, 
but  enforced  respect.i  vely  a  diffusion  and  a  kinetics  con¬ 
trolled  burning  mechanism. 

Both  KZ  and  LC  flame  models  were  derived  under  the  same 
constraint  (large  characteristic  times)  as  the  linearized 
KTSS;  they  are  subjected  to  the  same  limitations  of  appli¬ 
cability  as  well.  V^hile  KTSS  and  LC  recover  the  steady  state 
burning  rate  dependence  on  pressure  when  transient  effects 
vanish,  KZ  does  not.  Although  differences  at  steady  state 
can  be  small  if  an  appropriate  choice  of  |3  is  made,  this  is 
a  weakness  of  KZ  flame. 


§  2.3.5  -  Working  Map  for  Quasi-Steady  Gas  Phase 

A  useful  comparison  for  v/hat  follov/s  is  shovm  in  Fig.  8, 
where  the  MTS  heat  feedback  (often  used  in  this  study)  and 
the  linearized  KTSS  heat  feedback  (commonly  used  in  the  li¬ 
terature)  are  pl.otted  together  in  the  range  10  to  50  atm 
(‘5g,s  curves).  From  this  graphical  plot  one  observes  that, 
for  a  given  set  of  external  conditions,  two  steady  solu¬ 
tions  (reacting  configuration  A  and  unreacting  configura¬ 
tion  C)  are  found  for  the  MTS  model,  but  only  one  for  the 
linearized  KTSS  model  (reacting  configuration  A) . 


It  is  instructive  at  this  point  to  consider  the  work¬ 
ing  map  of  Fig.  9.  This  is  a  R  vs  qg^s('^'fR)  plot  applicable 
to  any  flame  model.  In  Fig.  9  MTS  flame  was  implemented  un¬ 
der  the  indicated  conditions.  Isobaric  curves  describe  the 
heat  feedback  at  the  corresponding  pressure;  remark  that 
<5g ,  s  (’1  /  ^“0 )  =  0.  Lines  at  constant  ambient  temperature  (for 
adiabatic  burning)  or  at  constant  radiant  flvix  (for  Q^^-0) 
describe  the  steady  heat  flux  absorbed  in  the  condensed  phase 


g,s 


(T,F  ,G  ) 

O  -tt’ 


R  +  R  H  -  (1-r;^)F^ 


At  the  crossing  of  qg,s^'^''R^  with  g  '  steady  so¬ 

lutions  R(T,Fq,0_„J  vs  qo^s  are  singled  out.  Curves  qg^g(T,R) 
depend  on  the  flame  modeling,  curves  qg  g  (T, Fq ,  G_c„)  depend  on 
external  parameters  only.  Two  steady  solution^  are  found  for 
each  set  of  external  parameters:  the  trivial  R  =  0  (unreact- 


ing  state)  and  some  R  0  (reacting  state)  .  For  quasi-steady 
gas  phase  transients  driven  by  dcradiation  for  example, the 
instantaneous  solution  in  time  runs  on  the  isobaric  curve  of 
interest;  onl^^  v.'hen  a  steady  burning  configuration  is  reach¬ 
ed,  the  solution  will  stop  at  the  crossing  with  the  relevant 
4g,s  curve.  Similar  remarks  hold  true  for  any  flame  model, 
except  that  tlie  unreacting  or  extinguished  state  n  =  0  is 
not  allowed  for  linearized  (in  the  sense  of  £q.  2 . 3 .8  ) models . 

By  decreasing  ambient  temperature  and/or  external  ra¬ 
diant  flux  (negative  values  of  i\,  imply  heat  loss  from  burn¬ 
ing  surface),  the  eorresponding  P  ('!',  Fq  ,  O-w)  are  seen  in 
Fig.  9  to  become  lower  and  Imver  at  any  pressure.  The  ques¬ 
tion  arise^:  are  there  minimum  values  of  'f,F  ,  and  O-c  be¬ 
low  which  R  /  0  is  not  allowed  or,  if  allowed,  is  unstable? 
This  would  assign  static  limits  to  burning  domain  of  the 
flame  model  under  consideration.  The  answer  for  decreasing 
heat  loss  is  shovrn  in  Pigs.  31-33  (to  be  discussed  later): 
the  point  of  maximum  heat  feedback  roughly  corresponds  to 
the  minimum  allowed  s toady  burning  rate  at  £iny  given  pres¬ 
sure.  For  0-„,  >•  -  0.429  (zero  Kelvin),  it  is  found  in  Fig. 10 
that  the  steady  solution  does  not  reach  this  minimum  (steady) 
burning  rate;  but  obviously  other  effects  would  come  into 
play  at  lov/  ambient  temperature.  For  decreasing  pressure 
(with  adiabatic  burning  at  0_^=  0) ,  a  steady  solution  is  al¬ 
ways  found.  However,  it  will  be  seen  in  this  report  that 
burning  inslabl.lity  shows  up  defining  a  pressure  deflagra¬ 
tion  limit  this  v/ill  require  further  analysis.  Remark 

that  so  far  no  constraint  whatsoever  has  been  placed  on  un¬ 
steady  burning. 

Burning  stability  properties  will  be  shown  to  be  strong¬ 
ly  affected  by  the  value  of  the  surface  heat  release.  For 
our  datum  case  (see  Tab.  1),  the  best  value  computed  from 
the  literature  is  Qo,  =  -158.2  cal/g  (the  cxotherraici ty  is 
due  to  the  primary  premixed  ammonia/percliloric  acid  flame 
occurinq  when  ammonium  perchlorate  decomposes)  .  I’or  the 
MTS  flame,  pairametric  changes  of  Q^,  v;hilo  T£(P)  is  kept 
fixed,  imply  to  evaluate  the  appropriate  set  of  and 
constants  for  each  value  of  Qc;  in  order  to  maintain  the 
same  (experimental)  burning  rate  law  R(P).  Alternatively, 
one  can  use  ;iust  one  .set  of  A;^  and  Bjvj  constants  (for  exam¬ 
ple,  thcit  correspondiiKi  to  the  standard  value  of  Qg  --158.2 
cal/g)  and  consider  a  family  of  solid  propellants  whoso 
burning  rate  R(P)  depends  on  Os  according  to  the  graphical 
plot  of  Fig.  11  (see  also  'i'ab.  2).  This  second  point  of 
viev;  V7as  adopted  in  this  report.  For  the  KTSS  flame  such 
a  problem  does  not  arise,  since  no  fitting  is  required. 

§2.3.6  -  Final  Coniments  on  Quasi-Steady  Gas  Phase 

The  modelling  approach  discussed  in  this  report, being 
of  rather  general  formulation,  can  be  specialized  to  any 
transient  burning  problem  w'ithin  the  basic  limitation  of 
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nond.imensional  thin  flames  of  thermal  character.  In  parti¬ 
cular,  dynamic  burning  associated  with  f a st depressuriza¬ 
tion  and/or  deradiation  can  be  studied.  The  range  of  vali¬ 
dity  is  essentially  established  by  that  of  the  flaire  model 
Among  the  flame  models  reported  in  this  chapter,  the  most 
general  is  MTS  whose  range  of  validity,  v/ith  the  formula¬ 
tion  given  in  Eqns.  2.3.1  -  2.3.4,  covers  1  to  100  atm 
(p.  27  of  Ref.  29c).  For  pressures  above  100  atm,  the  as¬ 
sumptions  of  monodirnens  ionali  ty  (condense.d  and  gaseous 
thermal  waves  much  larger  than  burning  surface  roughness) 
and  condensed  phase  homogeneity  (condensed  phase  thermal 
w’ave  much  larger  than  moan  particle  size)  fail  for  MTS  as 
well  as  all  other  flame  models  considered  in  this  chapter. 
For  pressures  less  than  1  atm,  a  distended  NHg/IIClOzj  pro- 
mixed  flame  should  be  considered  in  MTS  flame;  this  was 
done  by  Merkle  (pp.  49-53  of  l^cf.  29c)  but  is  not  reported 
here . 

Even  within  these  validity  limits,  from  a  rigorous 
point  of  view  extinction  (and  ignition)  transients  cannot 
be  described  by  quasi-steady  gas  phase  models.  Indeed, 
these  phenomena  arc  intrinsically  unsteady.  Hov/ever,  er¬ 
ror  due  to  applying  quasi-steady  gas  phase  assumption  is 
estimated  negligible  to  the  extent  in  \v'hich  the  gas  phase 
characteristic  times  are  small  v/ith  respect  to  the  conden 
ed  phase  thermal  wave  characteristic  time. 

With  these  restrictions  in  na.nd,  one  can  pi  cic  up  its 
favorite  pyrolysis  law  and  flame  model,  assign  the  v/anted 
external  laws  T(t)  and  F^(r),  select  the  appropriate 
optica],  model  and  thermal  properties  for  the  condensed 
phase,  enforce  the  correct  initial  conditions,  and  final¬ 
ly  numerically  integrate  the  PDE  of  Eq.  2,2.2.  What  do  we 
get?  Trends  and  bounds,  but  no  predictions.  For  static  as 
v/ell  as  dynamic  burning,  more  sophyst  i  cated  analyses  are 
required.  This  is  discussed  in  next  section.  Nevertheless 
the  importance  of  numerical  approach  cannot  be  overlool-ced 
complete  burning  transients  cannot  be  evaluated  otherwise 
Several  transients  obtained  by  numerical  integration  will 
be  shovm  later. 
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Sec.  2.4  -  AN  01^4) J NARY  DU-TKRrXTTAr,  nfjUA'j'ION  TONMULATIWi 
OF  TiiN  PikjBL;^  '  . . .  . 

Basically,  the  mathematical  n'cthod  is  the  one  set  up 
for  the  first.  ti;i':o  by  Von  F.arm.an  and  Polhausu-n  in  trie  .stu¬ 
dy  of  boundary  layers  and  later  qcneralizc'd  by  Goodman, 
amonq  others,  to  a  larqe  number  of  .  Llicrma  1  problems,  'i'he 
method  can  be  extf'pdcd  to  ;mv  otht.'r  problem  descrilicd  Iiv 
nonlinear  PDF  of  p<iral>olje  iyprm  Jr,  our  case,  the  a fiirroachi 
consist  .'1  in  ciefining  a  param.eior  F.  (r),  called  the  prnc'- 
traticir  distance  of  the  tliei'r.i.ii  va.'VC'  in  the  condensed  rlia- 
se ,  "such  tliat.  fc'r  X  ^  F  (- )  the  propc'llant  sici’u,  for  :i.il 
practical  purpose.';,  is  at  an  ec  u i  1  i  !.ri um  ter.pr ■raturc  and 
there  is  no  heat  tran.sfcrred  beyond  thi.'--  point"  {p.51  ef 
Rof.78  ).  The  o\'olution  in  time  of  tlie  thermal  nr-ofilc  in 
tliG  condcn.scrd  Pi's.iSi'  i.s  ol)(‘a,inr>d  )rv  foliov.’ina  tiu'  tir;.'  iii- 
story  c;f  the  penetration  distance;  p::or>'!gatinu  into  irn  ini¬ 
tially  uniform  temperature  f,iGld.  Vi.ii.hln  tb.ir,  ponctration 
layer,  progresr;  i  ntf  in  time,  tlic  ejua  1  ita  ti.vo  space  distri.pu- 
tion  of  temperature  is  assumed  knov.'u  a  prior.!. ;  but  we  ma¬ 
ke  sure  that,  in.  so  doino,  the  integral  balance  oj:  thc.rmal 
energy  in  the  coireeiiscd  p’inse  is  pru'served.  Tn  other  v;(.ird.s, 
the  price  to  bo  paid  for  .m-aieinc!  the  transf oi na t ion  from 
PDE  to  ODE  formularion  is  an  annro.Kimate  soJ.ut.ion  of  the 
local  .space  distribution  c.>f  tc'i’.'perature ;  tills  is  not  sucli 
n  sc,i.'ious  dravfoack  boeiunse  r:ho  .ini '-M-est  is  in  the  time  ovol'.i- 
tion  of  the  surface  tcmpei.'ature .  In  cany  event,  .several  invu..^- 
stigations  found  can  error  of  only  some  percents  for  various 
cases  in  whicCji  both  the  e.-aact  and  the  intf'giral  so].ution.s 
wore  evaluated.  For  enaniple,  see  Piej.  5  on  p.  89  of  Pef .  78 
showing  the  tc'mperaturc  time  history  cit  the  surface  of  a 
semi-infinite  s.lab  with  triangular  surface  heat  flux. 

In  order  to  get  a  deeper  understanding  of  c.juostion.s 
relcatcd  to  tiie  ;i.nt('crral  me'^ihod  as  applied  to  ti'.er.mal  pro¬ 
blems,  tlic  interested  rocader  migliL  wish  to  consult  the  ex¬ 
cellent  reviev.-  by  Goodman  (del'.  78)  and  the  references  given 
there.  Before  getting  involved  in  mathematical  details,  the 
reader  should  bo  Wcarncd  about  the  limit:s  of  the  integral, 
method.  Any  soluti.on  obtcalned  by  the  integral  method  con¬ 
tains  liopcfu.l  ly  snicall  but.  irrevocab.ie  errors  in  the  final 
numoricnl  results.  The  quc'stion  of  liow  to  irnpi.'ove  the  accu¬ 
racy  then  arises.  It  has  been  argued  that  "there  is  no  n 
priori  guarantee  that  i.ncreasing  the  order  of  the  polynomial 
(used  to  reprc’.sent  the  .space  distribution  of  the  unstCcaay 
temperature  profile)  \/ill  improve  the  accuracy.  Altliough 
the  caccuracy  is  fi'ccfuently  improved  with  this  technique, 
it  Ccan  b('  demonstrated,  nonothcles:; ,  tlacat  tlicrc  care  cases 
for  v;hich  it  actually  worsens"  (p.9r>  of  Ref .  78  ).  In  this 
same  reft'rcnce  it  is  sungested  theut  tlic  method  of  v.’eighted 
residuals  pi'ovidcs  a  very  cfficiont  method  for  improving 
the  accuracy  of  the  re.sults  olatainrd  by  using  the  integral 
method. 
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Tho  simple  integral  method  implemented  in  this  v;ork  can 
be  considered  a  special  case  of  the  mcLhod  of  v.'cjiglited  resi¬ 
duals  when,  just  one  parcimeter  (the  penetration  distance  :J 
£ind  one  v/eighting  function  arc  considered.  Under  those  cir¬ 
cumstances,  the  only  equation  to  be  considered  is  the  heat 
baiance  i  ntegral  (sec  belov/)  .  Since  th<'  integral  method  as¬ 
sumes  a  uniform  i.nitial  distribution  of  tomperditure ,  a  new 
nondimonsional  variable  is  defined: 


(2.4.1)  u(x,T)  o(x)  -  o(:;,t) 


where 


(2.4.2) 


0(X) 


()  t 


>a^ 


e 


X  ^  0 


X  ^  0 


is  the  initial  steady  state  distribution  of  tcmpc]:aturo  :ind 
('(X,t)  is  the  temperature  distribution  follov.’ing  some  per¬ 
turbation.  The  new  variable  u(X,i)  may  therefore  be  convo- 
iiiently  interpreted  as  the  finite  tcmj';ei;a  l.uro  dishurbanco 
propagating  inside  tlic*  condensed  piiase  and  superimposed  on 
tlie  initial  tempera.ture  distr ilaution  aftiu*  tlie  action  oi  per¬ 
turbation.  At  the  inilial  instant  r~0,  by  definition 
C'(X,t)  -  0(X)  and  u(X,v)  ---  0 .  .''■uppose  nov;  tliat,  in  the 
follov.’im  instant,  a  perturbation  starts  acting  on  the  system 
and  ma]^(!s  u(X,t)  /- V  :  the  goal  of  the  analysis  is  to  de¬ 
termine  the  ultimate  effect  of  such  n  1.omi)crature  disturbance 
after  waiting  a  p,eriocl  of  time  sufficiently  long  for  the  per¬ 
turbation  to  disappear.  No  assumption  whatsoever  is  made  as  to 
the  size  of  the  temiHe  aturo  disturbance. 

The  analysis  wi..ll  bo  restricted  to  the  case  of  an  optical¬ 
ly  opaque  propellant,  in  the  sense  that 

(a^/T)/  (1/a^)>>1 

at  constant  (not  necessarily  icfcronco)  ambient  temperature 
Tho  basic  set  of  nond inieiir.iona .1  oquatic  ns  for  an  optical  ly  opa¬ 
que  propollani.  (Nj--0),  initially  burning  w'ith  constant  rate  R 
at  constant  pressure  T,  while  subjected  to  a  radiant  flux  of 
constant  intensity  i’  ,  is 


DO 

?c 

R  -— 

^ISl 

II  PDE 

Dx 

DX 

T>0,X.<0 

0(X,T 

=0)  = 

0(X) 

IC 

‘  0(X-- 

i 

-  "’,t) 

=  0 

—  CO 

BC2 

f 

A 

H  .+  (C  /C  -  1)  (1-0  )  1  +  (1-r- )F  -q.  (0  )  BC1 
ref  g  c  s  .j  A  o  ’1  s 

{T)X^c, 

s  A 

c 

where  R(t)  is  the  burninq  rate  defined  )jy  any  approDriafe  py¬ 
rolysis  law  and  (A„/A^J  (:.()/r,X)g^j,  J^eat 

feedback  law  defint'd  by  ^uiy  anpir^j^jrlate  flame  model.  In  terms 
of  the  disturbance  temperature  u(X,t),  the  set  of  equations 
is : 


r 


R  ( 

3t  dX  :iX  gj^:’ 


u(X,t;  =  0)  =  0 
(2.4.4)  u(X  ->-~,x)  =  O 

A 


^i^q,S-)? 


do 


where 


r 


b./(^  I 


i  R(t)  ^  G>.73j  T,--  __  j 


\1 


(2.4.5) 


L  '  (5,  -  u  )  (1  -rjES^a  +^'‘^ 

'*'s,rcf  ■‘s,ref 


T 


-  r:  for(0  -u  )t.  , 
/I  s  s  k 


R(t)  -  [p  -  u  (x)] 
L  •■’  j 


w 


for(0  -u  )c\\ 
s  .s  k 


Notice  tiiat  at  tlic  initial  instant  ~c--0,  tl'o  surface  ciiergy 
balance  is 


do 
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'dx'c.s-  “  S 
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C  _  -1 

H  .  t  1  )(1-P  )i 

ref  C  s 
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where 


(2.4.7)J 


R  -  exD 
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-  E^/e> 
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"^ref  7  '^f 

(1  _  _is£_)  + 
s  '1'  '  T 

s,rcf  ^s,ref 


-  1 


L 


for  0  5.  0 
s  k 


for  0^X0^ 


3G 


Therefore,  BC1  of  Eq .  2.4.4  can  also  be  written  as 
#C,S  '“X>C,s“X® 

^  **  C  C  ” 

-  K^-Dd-o  +U j 


!  ‘  ref  'C 
L  C 


s  S  I  I 
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The  transformation  into  an  ODE  of  the  PDE  of  Eq .  2.4.4, 
wj th  BC1  given  by  Eq.  2.4.8,  can  be  per formed  by  assuming  a 
polynomial  dependence  of  tlic  dishurbanco  tempex'aturc  on  the 
space  variable: 


(2.4.9)  u(X,x)  -  K  (t)  t  K.  ( i)  X  +  K„(c)X''+  _ K  (t)x'‘ 

0  12  n 


Comments  about  Lhc  implications  of  this  particular  thermal 
profile  are  giv€m  bciow.  The  above  n+1  coefficients  K. (T)are 
to  be  determined  froin  the  bounckiry  conditions  w’hicli  express 
no  disturbance  (up  to  the  (n-1)-th  derivative)  at  the  cold 
end  of  the  penetration  depth  and  the  energy  balance  at  tlie  hot 
bf)undary  of  the  penetration  depth.  Witli  our  formulation  this 
inipl  ies ; 


(2.4.10)''  3. 

I 


n"  1 

y-r\-  (X  =  .Xr,x)  =  0 
3>r  £ 

v.’l.'cre  Xfy-  -[;(x)  is  the  penetration  distance  to  be  obtained 
below.  After al gebra i c  manipulations,  one  obtains  for  the  un- 
'Knovm  profii.e  of  the  disturbance  temperature 

u(X,T)=(Uj,)  . 

n  s 

For  X  =  0  one  obtains  at  the  burning  surface 


U(X  =  0,T)  B  I 
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from  which  the  unknown  penetration 


depth  can  be  cxpxe*; ;^ed  a.s 


(2.4.11)  g(T) 


n 


u 

s 


(u  ) 

X  c, 


The  d  j  St  urljanec?  It -mpei  at  ut  c*  profile  is  tlioii  cjivon  by 


(2.4.12)  u(X,t)  -  {  1  +|^)" 


(kl  t  C(0 


wlierc  U;;(x)  is  tlv  unknovni  fee.-  temperature  ci  i.  s  t  in  1 -a  r,.  to 

bo  do  I  oi'inA  nod  .  It  in  obvic'/on  from  I  lie  above  j  c.  1  a  t  i  on;;;;  i  o  that 
tlie  time  history  of  the  di  <;ti'. rl-ianec-  temp'rira  i  arc-  is  i'er.!  rieled 
to  disturbance  Lhca'iiin  L  nrofiJc's  uu'm''' t  (.-in  i  oa  !  I ihn'ay  i  ne  in 
stjaee.  Indeed,  there  is  no  v.’ay  Toi  <air.  [x>  I  ■.  ic',,,  i  a  J  ;i  ba 

to  acc:oniiao'aa<-o  an  inflecti-on  eoini  .  'kJje  diffietiJly  may 
ov'orcor.ie  by  "aliowira!  a  new  i^ene !. ’ai  t  i  on  depd.h  to  lr..aii^  -aropa- 
ejatinq  at  each  ninirjnnim  or  arinimun"  (j>.  96  of  it' f .  7B)  of  the 
heat  input  into  I  lie  condeinsed  ,  Howi-ver,  this  [)ro',-edure 

wili  not  pu'ovc  ,  it'cc'ssa  i  y  ht.-re,  si  mae  testinq  both  the  si  atic; 
and  dynamic  sta!)Vi,it,y  doirs  not  require  a  detailed  kno..’,!  i;dqc! 
of  tlic  structure  of  the  tncrmal  prcitile. 

A  space  intc<iration  can  now  be  pv,TioruK,a  oven'  X  frern 
0  to  -  £  (a)  of  tlie  PDL: 


(2.4.13) 


d_ 

dT 


-g(x) 


u(X,T)dX  R  i;  -  (u^.)  , 

S  A  C-  /  b 


-RA  (h) 


da 


o 


where 


r 


A(0)  -  O(X-0  )  -  0(\  --F) 


(2.4.14) 


.  ,d0.  do  ,  v-n  i  /  ■  -  ra 


beinu  £  ( t )  defined  by  F.q .  2.4.11.  Upon  substituting  the  ap¬ 
proximate  di  stini^ance  tcmijicrature  prt>file  described  by 
Eq.  2.4.12,  the  fol  lowin<t  di  t  icrential  expression  is  obtained: 
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d  I 


tr 


(u  ) 

X  c ,  s 


ntl 
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K  u  -(u  ) 
s  X 


c,s 


R  A(0) 


+  A( 


(2.4.13) 
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(2.4.16) 


Since  iu)  -f(u  (x);  "'(x),  1'  (x3)/  one  olitainoy  fj.om  Kq . 
2.4.8  '  ^ 


d  (u  )  da 

>:  c.s  i 


in 


dr 


T'.  (u  )  ...  Tr.  (P  )  I 

i  <^>5  i  c.y  ,  _j:  fl,s 

'll  u  !  cli 
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W,F 
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1)1' 


u 

'  s 


cJF 

('-"a)  dx-- 


For  exaiiiple,  the  time  deric'ative  of  iiio  thermal  gradient  at 
the  eondeneed  phase  side  may  be  excil.i  ci  t  I  y  written  as 


(2.4.17) 


d  (u  )  du 

X  c,s  _  _ s 

dx  "  dx 


q  i  X  q 


r  A  /r.(u  )  \  * ‘V 
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s  /V 


du 


A  ,,,,  (u  )  dl'’ 

+  _£I  il^'  ( _ ii.qdi)  ..  M_r-A  . S’. 

A  dx  5^'  ^  VI  A  cix 

c  s 


which  can  be  evaluated  once  a  flame  model  has  been  chosen  and 
the  lavas  'l'(x)  and  F^(x)  Imvc'  been  cxi.ernal.ly  assigned.  By  dc- 
riveting,  one  ol:)tains  from  Eqs.  2.4.15  and  2.4.16 


(2.4.18) 
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Finally,  the  following  nonlinear  OOF  for  the  time  dependent  sur¬ 
face  temperature  disturbance  is  obtained: 

1  A(0)  +  A(-^) 


dvi 
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(2.4.19) 
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with  u  (x  -  0)  -  C 
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v.'hich  is  approximately  equivalent  to  the  initial  I'l'P-i-hounoar  y 
conditions  formulation.  Notice  that  in  the  above  cnu,ition 
0(X)  ■  is  known  (see  Ku .  2.'!.  2)  and  that  only  the  .surface  tem¬ 
perature  appears. 

The  above  nonlint;ar  ODi;  in  tlie  unknov.-n  Uj^('c)  dc’scri’jjes 
the  response  of  the  system  to  a  finite  size  denarturc!  of  the 
surf. ace  tc-nipera  ture  f  roia  tlio  sL.at  ionary  va  J  ue  due  not  on.ly  t 
in'o'insic  jjer  tn  rl:a  ti  on  sourernj  actinu  cjn  the  sy.st(.'m  (fPatic 
stability),  but  al.so  to  .my  arbitrary  but  externaJly  i;ssj^nr.'ci 
monotcniicui  1  ctianqo  in  Lime  of  erm L r'o!  li  nq  paramct.a-rs  such  a.e 
pressure  and  radiimt  flux  (dyna;'iic  st.ibil  i.ry)  .  If  one  v/ishes 
to  know  the  whole  tempfoaturc  inajfilc',  he.  .has  only  to  substi¬ 
tute  Uj,(t:)  in  Eq .  2.4.12,  cvaiualc  hC'c)  from  Ec) .  2.4.11  v/ith 
the  hc.’ip  of  Eq.  2.4.8,  and  tin  ii  use  the  u..(t)  dc.'f  i  im.  tion 
(Eq.  2.4.1)  in  order  to  determine  tlio  resultant  temiierature 
profile . 

Considc-rations  of  a  (-joneral  ch.'iracter  on  the  static  .sta¬ 
bility  of  the  sy.stem  d.c.scribcd  i')y  Eq .  2.4.19  can  iiov.’  be  leade. 

A  <iiven  equilibrium  configuration  of  Llic  .system  is  asymptoti - 
sally  stable  if 

U^(T)  >0  j 

or  y  foi:  X  ->  ... 

C)(X,t)  >0(X)  ! 

J 

In  other  words,  the  system  is  (asymptoid  c;al  ]y)  st.al.ile  i  f  the 
disturbance'  disappears  at  lai'qc  time  niid  tlie  system  returns 
to  its  initial  .steady  coni' icura tion .  Eollov/incj  ]jya))unov  (p.21C> 
of  Ref.  88),  Eq.  2.4.19  can  be  written,  in  a  more  concise  v;ay, 
as 


(2.4.20) 


where 


du 

-5--  -  -  f  (u  )  +  g(T,u  ) 
dx  s  '  s 


u  (x-  0)  =  0 
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(2.4.21)  f(u  ) 


ri'^l  X(^s  5?  xCfS  eiX 
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is  the  autonomous  (i.c.,  time  independent)  contribution , and 
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a(u  ) 

X  c,s 
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is  the*  nonautonomous  (i.c-,,  time  dependent)  contribution. 
If  no  forcing  function  is  acting  on  the  system,  i.e. 


W  =  cost 


then  Eq.  2.4.20  reduces  to 


F  =  cost, 
o 


(2.4.23) 


by  v;hich  the  autonomous  contribution  assumes  the  meaning 
of  a  static  restoring  function.  Indeed,  under  these  circum¬ 
stances,  one  can  think  of  Lhe  chemically  reacting  system 
comprised  of  the  deflagrating  condensed  material  as  analog¬ 
ous  to  a  mass-spring  type  of  mechanicai  system  v;hich  the  non¬ 
linear  characteristic  f(u3).  Considering  the  (i-')  definition 
of  Eq.  2.4,1,  Eq .  2.4.2  0  can  also  be  v;rittcn  as 


(2.4.24) 


-  f(0^  -  0g)  -  g(T,  -  0^) 


G  (t  =  0)  =  0 
s  s 


The  static  restorinv'  function  f(Gs  -  Og)  depends  on  the 
nature  of  the  def lagratin  i  substance  but  not  on  its  burning 
history;  hov/ever  it  is  afrocted  by  the  operating  conditions 
(pressure,  ambient  temperature,  and  heat  exchange  v;ith  envi¬ 
ronment),  flame  model,  and  approximating  polynomial  order. 

The  nonautonomou:.;  term  g(T,0E  ~  0?,)  clianges  in  time  according 
to  tlie  first  derivatives  of  tlie  external  controlling  parame¬ 
ters  (sec  Eq.  2,4.22);  hov/ever  it  is  not  affe^'ted  by  the 
choice  of  the  approximating  polynomial  vorder.  The  static  re¬ 
storing  function,  being  a  property  of  the  deflagrating  sub¬ 
stance,  can  be  examined  a  priori  (see  next  section)  indepen¬ 
dently  on  any  specific  burning  process.  On  the  contrary,  no¬ 
thing  can  be  said  a  priori,  for  the  nonautonomous  term.  Never¬ 
theless,  the  following  important  remark  can  be  made  immedia¬ 
tely.  j'he  final  outcome  of  a  burning  process  is  controlled 
only  by  the  static  restoring  function  when: 

(1)  no  forcing  function  is  acting  (static  stability);  see 
Sec.  2,6. 

(2)  forcing  functions  monotonical ly  change  in  time  from  some 
initial  to  some  final  value  (dynamic  stability);  e.g., 
depressurization  or  deradintion;  see  Sec.  2,7. 

(3)  forcing  functions  arc  of  arbitrary  shape  but  level  off 
in  time  (dynamic  stability;  e.g.,  pressure  or  radiation 
pulses;  see  §  2.7.4). 
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Sec.  2.5  -  NATUPE  OF  THE  STATIC  RESTOHIIJG  FUNCTION 


The  static  rcstociiiy  function  is  an  alcjobi.aic  nonlinear 
function  strictly  dependent  on  the  nature  of  the  burniny  j'jro- 
pellant  (includincj  the  specific  way  its  flame  in  dcscriljoci, 
i.e.  the  flaiie?  medei  implcru'.'ntcd ,  and  flic:  order  of  tlio  apiirox- 
imatiny  polynorniaJ  used  in  See.  2.4)  and  the  o[)t.!ratin'j  co.eei- 
tions.  Before  examining  quantitative  jilots,  consider  the  c.ua- 
litativo  plots  of  Fiy.  12a  and  Fig.  12b.  This  allov;r,  to  ex¬ 
tract  tjiC  basic  propcrtii.'s  of  the  static  restoring  function 
independently  of  the  fl^une  dc-scrr.i  ution .  It  is  anticipated 
that  the  heat  release  at  tiiC  surface  of  the  propellant  is  fi'O 
most  influenl'ial  parameter  rai  the;  shap>o  of  the  static  j'o- 
storing  function. 

§  2.5.1  -  Qualitative  Remarks 

Con.sider  the  piualitative  plot  of  Fig,  12n.  According  to 
Eq.  2.4.24,  wlion  no  forcing  function  is  acting  on  the  system, 
all  tlio  iioiTits  (algebraic  roots)  for  viliicli  f(v.c^  -  fc,-)  -  0 
define  po.ssible  equilibrium  configurations  for  the  burning 
propellant,  since  t)jey  correspond  to  dO^/dx^O.  It.  is  £.ccn 
in  Fig.  12u  that,  in  addition  to  tiic  trivial  C's  =  U  (unburn¬ 
ing  propellant,  root  C) ,  two  more  equilibrium  solutions (roots 
A  and  B)  arc  ailov/od,  in  general,  for  given  set  of  parame¬ 
ters.  Let  us  consider  t!ie  equilibrium  con '  iguration  corre¬ 
sponding  to  root  A.  Suppose  that,  fox  some  unsjiecified  rea‘'o:i, 
the  burning  rate  or  the  .surface  teniporaturo  increases  a  finite 
amount;  then  the  burning  propoll^ant  is  no  longer  in  a  statio¬ 
nary  configuration,  dOs/d  c  ”  f  (Qs  “  F.s)  ncgtitive,  and  the 
system  reacts  by  decreasing  its  surfaec-  temperature.  Conver¬ 
sely,  if  for  a  unsi.-ocif icd  reason,  the  surface  temp'erafure 
of  a  propellant  burning  according  to  the  coni  igurat.i  on  c-f 
root  A  decreases ,  the  prope.l]ant  reacts  by  increasing  its  sur¬ 
face  temperature.  These  movements,  around  point  A,  are  indi¬ 
cated  by  arrows  in  Fig.  12a.  It  is  concluded  that  t!i<?  ccjuili- 
brium  configuration  coi.rc.sponding  ^  -oot  A  is  stable  because, 
when  disLuj'ljcd,  the  ftropollant  alvja\ a  moves  baeJi  toward  A.  By 
the  same  aj-guments,  it  i.s  concluded  tliat  the  cquilibriuir  con¬ 
figuration  corrcspiinding  to  root  B  is  unstable;  any  distur¬ 
bance  yields  movement  away  from  the  point.  Therefore,  in 
steady  .state  experiments,  only  solution  A  is  observed. 

If  the  set  of  par.jmcLers  is  changed,  for  example  the 
pressure  is  increased  from  P  to  P-)  ,  the  initial  condition  of 
the  ODE  (see  Eq .  2.4.2)  is  clianged  so  that  a  new  pair  of  roots 
A1  and  B'|,is  found  .in  addition  to  the  trivial  Og  =  0  of  root  C 
Again,  ro^'t  A-]  defines  a  staljie  equilibrium  configuration, 
while  root  S']  defines  an  unstable  equilibrium  configuration 
corre.spondl ng  to  the  new  sot  of  parameters.  LDiowise,  a  new 
pair  of  roots.,  A2  and  B2»  in  addition  to  the  trivial  Os  -  0 
of  root  C,  is  found  if  t)ie  pressure  is  decreased  from  P  to  P2. 
It  follow.s  th.'t  the'  's  axis  in  Fig.  12a  includus,  in  addition 
to  the  trivial  solution  of  nonburning  propcllaiit  at  the  root 
C,  a  .segment  of  .stable  .solution  Aj^  and  a  segment  of  associat¬ 
ed  unstable  solution  By  (caclr  pair  of  roots  corresponds  to  a 
given  set  of  parameters) .Further  effects  noticeable  in  Fig. 12a 
will  be  discusr-ed  later. 
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It  should  bo  oxj>lic:itly  obsorvod  that  th,'?  urjvial  ri,.=0 
solution  raoy  bo  obtained  only  if  the  cxponcuitial  7'.ri  honiur.-tyjao 
pyrolysis  law  for  mass  production  at  the  surface  is  dropjj-'ci 
(see  Kq.  2 . 2 .  'Ji;e  trivial  •  n 0  f-.oluti'''n  imrylies  tliat  no  oxterrial 
energy  source  (o.g.,  radiation)  is  acting  on  the  solid  propellani. 

The  qual j.teitive  picture  of  Fig.  12a  illustrates  tlie  gc-neral 
behavior  of  the  static  restoring  function  vd'.en  th.o  pressure  is 
varied  parametrically  at  iixcc;  -riTibicnt  Lerripcrature  and  .surfac;o 
heat  roicase.  The  boliavior  of  tlie  static  restoring  function  v;hen 
the  svn'face  )ieat  7'clease  is  varied  oa  ru)  ictrica  1 .1  y ,  at  fixed  am¬ 
bient  temperature  and  nressui'c  ,  is  illustrated  by  the  qualitati¬ 
ve  pj.ci.uj'e  of  Fig. 12b.  Of  couj.s';',  rs  I  ].  ju'evious  c:ons  i  dor  at  i  ons 
hold  true.  I'or  C'xamp.l  e ,  whf^n  i  lie  ouriaco  hemt  release  is  lov; 
enough  (in  a  sense  wliich  will  Ixj  better  understc-od  below),  the  pio- 
pcilant  behaves  again  according  to  the  static  restoring  function 
represented  by  curve  CBA  (Fig.  12b).  However,  for  incrcnsiiHj  va¬ 
lues  of  t’ne  surface  heat  release,  it  is  found  that  tlic  static 
restoring  function  ir:  represented  by  curve  CB,|  A.,  .  This  is 

rather  surpri.3i  ng;  in  principle,  tliere  are  nov;  live  potenti  al 
eq'uilibrium  conf  i  gura  tions  . 

Based  ori  thio  previous  analysis,  howcvei:  ,  it  is  immcdiatoly 
recognised  tiiat  C  is  the  stable  eauil  i  b’‘iura  solution  for  the  un- 
reacting  state  (trivial  solution).  Furtlicr  discussion  is 

rcvqn.ired  to  understand  the  nature  of  t’nc;.  remaining  four  roots. 

This  is  easi.ly  accoinplished  by  considering  the  steady  state  e- 
norgy  baltince  of  t.he  overall  comliusl  i  on  v;avc.  For  example,  the 
graphic  plot  of  Fig.  9  sh.ows  that  for  each  set  of  par ■’inot.crs 
only  one  solution  exists  foi'  i:ho  reacting  state.  Conventional’' 
ly,  Ccill  A  that  pcifticiilur  root  of  Figs.  12a  and  12b  corre¬ 
sponding  to  the  energy  ):)alance  solui.ion  of  Fig.  9.  It  follov;s  tliat 
root  E.J  ,  althougi)  .stable  according  to  T.yapunov,  is  eliminated 
as  being  a  reacting  equilibrium  solution.  In  other  v.'ords,  root 
L',.  is  a  false  equi  libr j.ura  sol\ition  ini.roduccd  by  tlic  approximate 
ODE  formulation  of  the  probletn.  The  rannining  roots  3.^  and  arc, 
then,  both  unstaialc  equilibrium  solutions  for  the  reacting  sta¬ 
te  . 


For  further  increa.se  of  the  surface  heat  release,  it  i.s  ob¬ 
served  that  A-  and  D-typo  roots  respectively  increase  (moving 
to  riglit)  and  decrease  (moving  to  left)  in  the  plot  of  Fig.  12b, 
until  coalescence  and  tl’ien  crossing  over  occur  with  exchange  of 
stability  character.  This  important,  point  will  be  discussed  in 
detail  later  (see  Sec.  2.6).  For  further  increasing  of  the  surfa¬ 
ce  heat  release,  B-  and  D-type  roots  disappear  after  coalescence, 
while  looth  and  E.,  roots,  for  different  reasons,  are  eliminated 
cis  being  stable  reacting  solutions  (curve  CA^E^  in  Fig.  12b). 

Under  the.se  circum.stances ,  it  follov;s  that  the  only  allov.uod  solu- 
t.ion  is  the  trivial  unreacting  configurations  represented  by  root 
C.  Any  attempt  to  produce  a  stationary  combustion  wave  v;ith  a 
static  rc .storing  function  of  type  CA,,E.,  will  inevitably  result 
in  extinction.  This  type  of  cxtinctionV  however,  cannot  be  quali¬ 
fied  as  ''dynamic".  Similar  behavior  is  observed  in  Fig.  12a  for 
decreasi  ng  pre.asure  at  constant  . 
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_  Quantitative  plots  of  the  static  restoriny  functioh. 
f  (©2  -  t'r;)  vs  the  nondiir.onsional  surface  temperature  0,:. 
are  givc?n  for  the  propollant  AP/pbAA  ho,  941.  A  quantita¬ 
tive  plot  required,  the  choice  of  a  specific  flame  model 
and  a  spc^cific  C)ru(;r  of  the  approximating  polynomial  .  (see 
Sec.  2.4).  By  applying  different  flaa.o  models  to  t!;e  sarr,.:; 
propellant,  diflorent  stability  properties  are  predicted: 
this  offers  a  crttcrium  for  discriminating  potentially 
good  fio:u  bad  flame  models.  In  this  v;ork  MTS,  UTSS  (both 
linear  and  nonlinear),  K2,  and  LC  flame  models  are  impl-e- 
mented.  As  to  the  order  of  the  approximating  polynomial,  ' 
a  cubic  law  v;as  chosen  to  represent  the  space  distribu¬ 
tion  of  the  disturbance  thermal  profile.  This  choice  was 
suggesi ed  by  a  large  body  of  literature  on  heat  transfer 
problems  (e.g.,  Ref.  78)  and  by  similar  solid  propellani. 
rocket  problems  (Refs.  79  -  80).  Hov/ever,  there  is  no  a 
priori  guarantee  that  is  the  best  (and  even,  siiipiy,  a 
good)  choice.  Tlie  choice  has  to  be  verified,  som.ehow .  This 
is  shov/n  in  Sec.  2.7. 

5  2.5.2  -  Effect  of  Operating  Conditions 

• 

Plots  obtained  implenierring  MTS,  KTSS  nonlinear, 

KTSS  linear  (or,  equivalently,  1,C  or  KZ  with  an  appropriate 
choice  of  the  associated  constant  as  suggested  in  §  2,3.3) 
flame  inodels,  with  a  cubic  disturbance  thermal  profile, 
are  respectively  shown  in  Figs.  13-18,  Figs.  19-20,  and 
Fig,  21.  MTS  flame  v/as  applied  by'  assuming  a  comliined  ex¬ 
ponential-power  pyroly'sis  law  at  the  burning  surface  (see 
Eqs.  2.2.3,  v;ith  Oj.=0 . 1 5  and  o  =0).  KTSS  flame  was  applied 
by  assuming  a  power  pyrolysis  Taw  (see  Eq.  2.2,3b,  with 
v/=6  and  Ri;i=0)  over  -che  whole  range  of  surface  temperature 
of  interest.  Comparative  results  are  shown  in  Fig,  22,  for 
some  standard  operating  conditions,  leading  to  the  conclu¬ 
sion  that  MTS  is  perhaps  the  best  flame  model  but  KTSS  non¬ 
linear  is  :.trongly  competitive;  KTSS  linear  (or  LC  or  KZ  in 
the  appropriate  forra)  yield  identical  results.  The  effect 
of  the  order  of  the  approximating  polynomial  for  the  dis¬ 
turbance  thermal  profile  is  shov;n  in  Figs.  23-26  for  MTS 
flame  only.  The  effect  of  the  specific  heat  ratio  C„/C^?"l 
is  described  in  Fig,  27  (quasi-steady  v/orking  map)  dnd  Fig. 
28  (static  restoring  function) . 

Tlie  effect  of  ambient  pressure  on  the  static  restor¬ 
ing  function  vs  the  nondimcnsional  surface  temperature  is 
illustrated  in  Fig.  13  for  the  indicated  set  of  parameters 
(MTS  flame  and  n-3);  further  effects  due  to  the  combined 
action  of  pressure  and  surface  heat  release  will  be  dis¬ 
cussed  successively.  An  increase  of  pressure  impl.ies  an 
increase  of  the  stable  equilibrium  surface  temperature, 
but  a  less  pronounced  increase  of  the  unstable  equilibrium 
surface  temperature.  The  strength  of  the  stability  (see 
Sec.  2.6)  is  enhanced  by  an  increase  of  pressure.  Similar 
comments  hold  true  as  to  the  effect  of  external  radiant 
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flux  on  the  restoring  function  (Fig.  14).  It  is  important, 
hov;ever,  to  note  that  eji  increase  of  external  radiant  flux 
decreases  the  unstable  equilibrium  surface  temperature  and 
above  a  certain  value  of  radiant  flux  intensity  (e.g., 

4  0  cal/crr/-s  for  the  set  of  parameters  in  Fig.  14)  no  more 
unstable  solutions  are  found.  This  impj.ies  that,  in  princi¬ 
ple  (sec  Sf;c.  2.7),  at  each  pressure  a  minimum  value  of 
external  radiant  flux  intensity  exists  above  which  the  dy- 
naipic  boundary  can  no  longer  be  defined. 

The  effects  of  surface  heat  release  (Figs.  15a  and 
15b)  are  more  involved.  Note  thfit,for  increasing  values  of 
surface  heat  I'elease,  the  behavior  of  the  static  restoring 
function  shifts  from  a  CDA-typc  (see  Fig.  15a)  curve  for 
05=-150  a!Td  -158.2  cal/g,  to  CBADE  (see  Fig.  15b)  for 
Qc^==-170  and  -180  cal/g,  and  to  CBDAE  for  Qc;--200  cal/g, v/ith 
A-D  roots  coalescence  occuring  at  Qs=-190  cal/g.  This  im¬ 
plies  that  at  30  atm  the  propellant  ivill  show  not  only  dy¬ 
namic  stability  effects  in  the  lovi  range  of  surface  tempe¬ 
rature  (root.  B  in  Fig.  15a)  but  aiso  dynamic  and/or  static 
staliility  effects  in  the  large  range  (roots  D  and  E  in 
Fi.g.  15b).  Siiriilar  behavior  is  observed  at  10  atm  (see 
Fig.  16),  v.'ith  A-D  roots  coalescence  occurring  at  Qj,=-170 
cal/g.  It  is  concluded  that  r.,t  each  pressure  a  critical 
value  of  Q„  exists  above  v.fnich  instability  of  the  burning 
pi'opellant'v/i  11  show  up;  the  critical  value  of  iQ^|  increases 
v/ith  pressure.  This  trend  is  confirmed  in  Fig.  17  showing 
that,  for  the  standard  value  of  Qg=-158.2  cal/g,  A-D  roots 
coalescence  occurs  at  6  atm.  Th.i  s  cornlvined  effect  of  pres¬ 
sure  and  surface  heat  release  is  of  major  importance;  more 
detailed  analyses  will  be  carried  out  in  Sec.  2.7. 

The  effects  of  anibient  temperature  (Fig.  18)  are  of 
little  interest  in  the  range  investigated. 

§  2.5.3  -  Effect  of  Flame  ModeJs 

Similar  trends  are  observed  for  the  nonlinear  KTSS 
fli’.rao  r.odel,  again  v/ith  n=3.  The  effect  of  ambient  pres¬ 
sure  in  Fig.  19  is  very  close  to  that  found  witli  MTS  (cf. 
v/ith  Fig.  13);  minor  differences  are  found  in  the  region 
near  the  statically  unstable  root.  The  same  comments  hold 
true  as  to  the  effect  of  surface  heat  release  (Fig.  20) . 

Drastically  different  results  are  observed  for  tlve 
linear  KTSS  (or  KZ  or  LC)  flame  model,  always  v/ith  n=3. 

T)ie  effect  of  ambiomt  pressure  in  Fig.  21  is  virtually 
the  same  (as  compared  both  to  MTS  and  KTSS  nonlinear) 
for  surface  temperature  about  or  larger  than  the  steady 
state  value,  but  is  physically  meaningless  for  surface 
temperature  less  than  about  90%  of  the  steady  state  value 
(no  zero  solution  and  no  unstable  root) . 

The  static  restoring  functions  for  the  three  flames 
are  plotted  simultaneously  in  Fig.  20,  always  with  n=3, 
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for  the  standard  conditions  specified  in  t’io  iigare  (P--30 
at:n,T_,.,-300  K,  Qj,.---- 1 58 . 2  cal/g,  adiai;atic).  The  co.;;j.T:j':i  .'.jn 
graphically  erfiphasinos  the  dif  ferf.'ncec  just  icent i  oiic.ci .  'iicu 
linear  Kl'SS  ('or  LC  or  i'Z)  are  discaccea  frci.'  being  in 
principle  acceptable  fiarne  nodels,  the  nonlinear  KTSS  Jr. 
iicceptaiil  r;  for  most  of  th.o  surface  tG;':;)erature  range  of 
values  (exceiit  neai*  extinction,  since  ciiumical  liinet.ics 
is  not  conside j'od)  ,  Mi’S  flame  is  in  pri.ncipie  acceiitaiile 
over  th(-'  whcrle  range  of  suciaco  temperature  of  intLerest. 


5  2.5.4  -  T  i  f  f  o  c  t  _S)f  '  f 

The  c'ffoct  of  the  oj.'der' 
ing  the  d  I ;;  s-u  rbance  ■  thermal  p 
i  n  g  f  u  n  c  t  i  i.  ui  i  1  'J  1  r;  r'  1  r  < ;  t  e  d  i. 
(!’•  20  i-'ig.  -'5  (P-30  atr 

tiiO  M'i'S  Tiie  r.haij.-e  of  v 

is  k(.^jit  fc  1  n  va.ryii'jg  frc'ni  2 
staljle  J'e:.  (.:[  i,  ng  )  noiuiion  is 
iron):  t!;e  trivial  c.Cj.o  solul 
i'n<'  surf,i;'i>  LOirpe  i‘a  t  a  la;  assoc 
i  ncj  solution  iMigiilJy  inevenv; 
value?;  can  be  bv'tt'-'V  arp’ i.'ri  a 
r.uijihuv  1 ;  '  ;TK'.'ei  t  u  ■  n  as-ocia;.',' 
')f  innei  10i  vdsc-n  n  c.f'ClO 

Ui'pet.  dy’u  ’  ic  r;t.iLJlL;,y  (?;ee 
ciea.^iiiig,  Tnis  pr,int.  v.’ill 


of  the  polyno!!.ial  apr-'.njA'i ai'ai" 
'irofilo  on  the  slatic  rr'st'jr- 
n  Fiag .  2  3  (p  - 1 0  aim)  ,  i'ig.  24 
.)  and  Fig.  26  (P-4  0  atm)  for 

he  stiitic;  I'c s l  or  .i  ng;  J.  uncti.on 
lo  4;  the  scea'ly  sv.ni-.e  (or 
al'uays  ro'Ciive  i. ed  (l.jy  cons>':ruc;- 
ion  is  also  alv.’ays  rcct)vcr(.;f.i ; 
i  a  i.ed  w.i.  Ui  tiic  unstable  read¬ 
's  for  n  ;u;crc'asing ,  Kumerical 
its;  in  T.ib.  3:  typjcr.liy,  tiiO 
v.'i  th  i'l.'c  P  root  i  jicvnascs 
:a;es  frcjii:  3  to  2.  ilovover, 
2.7.3)  is  favored  by  n  de- 
f  u  r  t )  1 C’  r  i  n  ve  s 't  i  g  a  t r' t ; . 


i  2,5.5  -  Kffcct  of  C,,/C^,  1 


Tin.'  effect  of  s.oecii.’ic  lica'  ratio  no'r  (ncce';s..ir.'  y 

unity  rr  iiluntraii.i  .in  Figs.  27-28.  Tiie '  quasi -nl'oady  v.'orl.- 
in.g  nu:p  r.'j  Fie.  27  ;s  i^lofL.n'  r-i.';'.ul  ta.ncc.  rn- 1  y  .for  C„/d^,-1.12 
anti  C’(..,/Cp- 1  .  OU  ;  Kits  iion.  J  j  !i<  err  f.lasit;  tnlepiet'.  fiirl.y  o’.- 

noi'  di.'.t  1  fj  eiicc:-'.  cai'  i.'C  tie  lac  Ltni  duc  U'  1:  H(.)..)  v.'he!i 
/  1;  sim.i.lai  dif fereur-es  are  iound  wi  th,  othr-r  K'.odojr; 

as  v;ell.  iiova:vor,  i.i'-afd.ic  lii.  ■  ft' rcnu'CS  a)'isc  as  to  tin:  star- 
i  c  restoring:  functi  ;vi  in.  iiie  region  oL  upper  (st  atic  and 
dynamic:)  iii.s  tabi  1  i  ty .  The  pbv,  oi  Fig.  28  concerns  ,*'1TS  fJame 
with  n-3;  thc'  static  re:.?,  tor  inn  fi.nc:ti  on  i dra  .s  i  mu  J  t  tin.ecv.i 
ly  for  -  1.12  ana  1 . 00  at  10  atm  and  I'.O  atm  of 

pressure."  One  can  liardly  detect  any  diffei'cnce  .it  30  atni 
(no  up]5cr  instability),  v/here^a.s  upper  inertabi  li  t.y  at  10  atm 
is  strongly  reduced  by  C^./C.,  --  1.12.  Similar  trends  arc 
found  v;i  th  othc!r  llame  iriCjdels  as  well. 

Both  effects  (ejuasi-stenady  working  map  and  static  re¬ 
storing  function)  arc  confirmed  for  C/C  =  1.24. 

SJ  ^ 

§  2.5.6  -  Effect  of  e  ?'  0 

The  effect  of  radiative  licat  loss  from,  thc  burning  sur¬ 
face  V7itli  omissivity  e  =  0.75  was  found  negligible  in  all 


Sec.  2.6  -  NOMl,.i 'I’.'AR 


STA^i’Tc  S'r'AB.!T,I'!'v  A^’Al,ySiS 


Static  r.-talTiJ  ity  ai-a'Iysi;;  of  a  curninq  propnllaiA  rcjt.tca 
to  thtj  cajjiibjlity  of  tl':C  i-ropellanV  lo  V.ocp  Ho  burn;i:i';  r  ;uili- 
brlUi:i  con  rjonral .!  (  i  in  tir;'-.  It  v;ao  siiOvni  in  See.  2.'] 
iniplic'K  to  otuciy  t'.c  properties  of  the-  noniiiiL-ar  oni: 


(2.G.1 ) 


v.’hich  in  turn  derjond''  on  tlio  s’nanr-  of  tiio  alueiu'aic  nonlinear 
static  rostorinq  fvi-  tion  f  (  cxa-iino.I  in  See.  ?.?.  The 

follov.'inq  problem::.  .  re  of  rirlovaneo  in  tlu'  i\rc">  ot  si.ai  ic  sta- 
bi 1 i ty : 

1.  prc'diction  of  nunb'.':r  a.nd  naLuro  of  tlie  allov/ed  static  solu¬ 
tions  (  see  5'  2.6.1). 

2.  prediction  oJ?  static  stability  bc.-undary  (.see  c  2.6.2). 

3.  raeasurement  of  static  stability  .st.ronqi.h  (see  f  2.6.3). 
prediction  of  ’.he;  pressure  clctf  lacjrat.Lon  limit  (see  f  2  .  G  .  1 )  . 


§  2.6.1  -  Nuiabfu.'  arid  nn  t.u  .  c  of  flto  .a’l  1  c.^yjod _ .si  atic  .‘^oi  ni  i,cn,‘'- 

It  is  sliowfi  in  5  2.7.2  arid  5  .2.7.3  that  throe  re.;;,  ions  of 
interest  can  be  disLinqai.nh.ed ,  for  increasiiiq  vaiuc;s  of  U 
(see  Tab.  4  and  ex.  Fiq.  12l.>):  ^ 

1.  before  A  -  D  t'oot;;  coa .1  e scerico ,  Ih,.;  .sf-atic  reacting  .solu- 
tion.s  is  the  u.sual  staLioi.iry  coabostion  v.'avc  strictly  dt:- 
fined  by  root  A. 

2.  after  A  -  D  I'oots  coal  cs'.c'.'nee  !v,i(,  h.cforc  b  -  1.)  roor;'.  c'o,;rl  c- 
scencc',  the  s'lntic  reae  i  i  nq  -o  1  r.  (■  i  ei'  is  a  scl  f-su. seal  nod  o- 
.sc:i  1  l.i  ti  nq  com’nut.'.t it m  v.mvc  ,|)-iuuk!  root  A. 

3.  after  li  -  p  re.ots  coa  1 1;  ■.cf'nce ,  no  static  reaci.iny  solutions 
wha  L  .so>,'Ver  i s  a  1  iov.’od  . 

Ol.iviou.sly,  tlu;  trivi.il  unread,  iny  solution  's  ~  ^  ® 

(wlien  a  i  Irr.’ed )  is  a  1  v;ay.s  .s  La ;  i  ca  I  ly  .stable  .  Tl’icroforc,  too  nrach 
surfact^  cne.rqy  rtrl ca.se  oxc.ludcs  any  steatly  i.'cacting  so.lution 
and  UJ'ider  thc..c  ci  r  cinns  Lan.ce.s  tiie  only  possiltle  conf  iquration , 
even  in  a  static  envirt^niriciit. ,  is  the  unrcactiny  state.  Ttiese 
predicLion.s  \-;cvc  verified  ity  nunierical  intcqrati.on  of  tlie  ijo- 
verninq  rrib.  Rc.sults  conct'rninq  sel.l-sustnired  oscillatory  burn 
ing  arc  tlincinsscd  in  5  2.8.4,  Results  concerning  the  static  .sta 
bilily  of  the  ctiuilibrium  reacting  configuration  are  shov.ni  in 
Fig.  29. 

Under  the  standard  set  of  parameters  indicated,  numerical 
value;’,  for  tlu'  al.lov/ed  static  solutions  are  given  as  an  example 
in  Tab.  4.  In  particular,  the  range  of  Q.  values  for  wlricl;  .self 
sustaiiK'd  oscillating  combustion  waves  are  exj  ectod  is  given, 
in  function  of  presssure,  in  Tab.  5.  Both  calculations  were  per- 
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forii'.-'.i  ft))  flair.c  V/ith  r.==3 

j  nvi;.  l  i  g.i  L(  f  i  in  oolaLl  In  N  2 
rcKjiii  re  furihcr'  an;i  lysis. 


The  above-  questions  v-’ill  be 
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5  2.6.2  Slntiy:  ^^'21^!}'-'^’ '7 
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sen  ter;. a!  itnri;  (ei'  iuir'iii .are)  cibovo  V’nicli  staheli.; 

Etc-  ay  ijur-eina  ai  !('vaai.  In  oaaer  to  ovaJaate  tiiis  value-, 

a  iSist  n;  .  a  1 .  ^  foaLii^e  t:c-;:'.iaj  1 1  L:)  all  siaLjC  I'asLa.riaq 

luaal.  Leins  is  a. .)  >i  la  s  a- ai .  Tiee  s;'>)ej.fic  sur  Lace  tery-raturc 
value,  y'  ,  at.  \;;ii.e;li  Lin'  pair  ;:.oJu'J.c;:,.e  /L-'*  sLa!;Le  .md 
By'  '  un.'Uablc  v'e.- i .1  esoe  ; ■ ,  ii t  a  qi-ac-ji  pjos.suio  (i-'ig.  12a)  and 

for  a  given.  of  -pa  ru.iuoters , 
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■'JefJnGs  i.lte  bj.'anciniiK;  c-.r  n-.c-t.ar. ta'.i  I  o  point,  at:  t.hat  i’te.sr;uro 
(and  for  that  sol  o  jia  I'an’ctcr:: }  .  Co  i.tc.'u  lotK:  i  ng  fc-’  tf'i  -  s;.’ 
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I 
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it  i  to  u:;oo.icl.  un'.;---'  .in  .'ppr'i/ty  r  i -i  to  (u. 

ass  urip  1 1 i  ■  :  ;v.lca  o'  as  ii(  t.-i-fj.:,  nooi's  la  i  i  na  ra  tt  aar; 
v.’.iva  injijaily  oo  ipatinc  ::l.-..ot.ly  ( .i  n-' liu ; :  la  i  no  o  bav.,- 

i  !■;>.)  lata)  as  -a  a  s  fi/a!)  :,a'V  o'  i';-;:,.-!'!!,  \  nara:  .a  Lt  I's  .ins 
Llian  , ;  i.io  p,  ‘  L  to  .  ■olviso^'  ;  ka;'./n  oh  mpi'S  is  Li  rii.'  ci'-. 

l>rci:.>^v  1  an'i/'ca'  rar.  ■  .■!-  Jj!',-..  '.his  j,;;  c.-sity  (ionc  it  aii 

Oth:  .hi!  ;,;a  I  a  L  j  on  o.  Iha.  paia/'  ip  va,i  >  abi  c  , 

Dvr.a;  i  r  siat.'tii  i.\’  'a'”  a  ioo  i..i.nq  jnopoilaaL  miiatas  ho 
ti.nia-  V  >■":  ot  tkio  p .  J  .a'! .  ,  :  ra.'n  a  <j  iA'.,-!)  ini  tiai.,.t;o  nor.' 

1  .i  iia  1  ;a  I  ol  oin'i-aiiaa  coon  i  ,  o ior  which  I'.’.il  Laiuli:.  .oo 

lihnri  u:::  cosh  j.qar  ; i  ons  (n  !  ■  1 1.  i  ■  •  a.l  1 '/  ::ia!.)io)  arc  a  1  i'.)V.'c  i : .  /. 

biinninc;  o  ■  j  )  aip  ;  p  hy  n  o,;  ;  jy  si.ali.lc;  it  thn;  "aihioi 

tranfiitiim  :  suao..  .Oul;  if'  cl.c  t.i'aasj  hion  loath;  to  a 

finc'l.  COD'  t  ;ara'.  i<'p  vii  i  J  ojoni  I  i  .'tjv.i  Lia'  VMtitccl  t'ii'  , 
lajrniiit!  piS'Da  !  iaat  is  oy Dc;!"!  aa  1  1  y  uiisiabic'. 

The  DO’-il  buiai  CiDii  oi  b:.  T.-i.k'i  ti^  a;cr  i  bt::;  ;  ho  iDst.na- 
t.anotiuu  i'ospor.sti  oJ'  lea  s.yiUeo  to  Ii'ai.Lc  ."iao  i. ai-iat  t  a i 
oi  t!u:  eui'ia.ao  t  e.  o-.  i  a  lu?'..'  1 1  a>tii  tix'  a:  4  i  i; i  oi'C ;  y  a  '.lncj  c’lio 
not  only  to  inliiaiLC  p..r  Lar!  •.  h  ion  i-.is:raos  (static;  aLa:,i- 
l-iLy).,  bai'  al..o  it;  ..’ny  a 'h)  i  i,  t  ..  i  y  but  t.  ‘  ori  si  i  Jy  ns‘-i'tni.n.i 

iiitji'itu.cinis'  1 1  c;li.’na''  in  cai  ccai  i  vcoi.  i  ioKi  p. ;  i  arnt:  l.cc '"s 

snail  i,D.  ]'s\"-si;’ <a.a/f,r  r.uii  Itu.  (h'.-n4'aic  1.  aLsi.  1  i  ct' )  , 

'i'h;i  s  ociii  ' 'a  oi  osLai  a.  .\oiii  t.oy,'  ico'  iha.aj  i  l.’j  nc)  li.i. sto¬ 
ries  oi  i  c'i;  i  t  ia'Vi  cam, 0)0  onioic'Mon  ti  ansi  o'lts  .  he  s/o  v\  ■ ,  a 

iV!0].'o  iv..! )>a '■  !..n I {  a.ml  l  jn-iv.L  cjl  v  i  ov;  e^-n  o.:  iLil'.cn, 

Inciooti,  ;i  4.  v;aa5  al'a.-hy  o'.','.(j1  i  a  ;'h  ill  .‘■h,  cv ,  2,4  that  Llic  svir-- 
face  to;.;;.'- '  rn  t  ni  a  Liu-  <'..o'i  v.'i  i  i  v-a  is  (lovr'.in.ati  by  liie  sLat'c 
rai,.tori.nn  *  (  .-  -  .■),oVori  t.-i  iiiiihc'  si  :;r-  o  i.  s  tu ''’sancos  , 

both  for  siaiia  nni:  Cv-nanh.-  b-ai  ii  i  no  sL;a)i  l.ity,  1  I,  vii,  1 1  i)' 
Eho'wrt  that  t,hi.;;  ha'  t  rua  •;;0' .is-'!  c'l  1  as  1  1  tor  forcina  iioa'-- 

tiuns  .l.a\  -IJinh  o  in  f  i '■  ■  ■  .■’n.'  i.ns  I  a  n !  a  i  ic.'us  Ly  icn;;  eap-.iy, 
f  Line  t.j  oris  :s  oni  c  .1  1  y  ^ici' ■  ■  n:s  ;  m.;  in  lii"..',  Sviulyin'i  nln- 
nati.ifo  of  I, ha  til  <;ob '  ai  a  siaiie  reston.infi  ■hiincf'on  leahs  i  aj 
a  ver\'  aarioal  bnr.-h  st.ab.  i  lit'.'  r.nnil  ysi. ::  'oitluint  over  nolv- 
j  np  ('};•■  n-on  >  J  ri'-'ar  i/i'.'i;  oi  J.'c(,  S.-l.h-i  or  P))b  oi  la[ .  2.2.2. 

5  2.7.1"  Dynarni,  c_  (":!  'nc_l_ion  o  •'  sol  pel  ] ' ' 

in  this  suha.-aetion  inyp.rirx  is  iirn''-'  abo’nt  the  possibili¬ 
ty  of  ciynairhc'  entination  Oj  (!io  .solio'  prcpeilant  evi'n  tljcjiiyh 
it  May  !)a  cajjable  o'  s  i.;i  L  i  ca.  I  iy  sialnl.a  l?'arnin>j  tor  tlio  ejir^rn 
final  r.ei  of  opera.  1  Lny  ci 'Dei  i  t  ions  .  it  is  crcpocuarl  tlu'it  tlni  s 
will  be  a  iitnct.ion  ol.  t!io  i:at.^  of  dacrasc  of  the  operating 
condi  Li  (jns  I'virn'.  tin;  initial  set  of  va.'laos.  Specific  rc'c-- 
renco  to  Uiis  c(n<asLii'n  '..'ill  br’  made,  L)iit  rhe  o\'C'ra1]  line 
of  attack  is  of  a  iionera.l  na'.'.'re.  In  order  to  ayipiy  the  in- 
teqr.il  rp'-lhod  vn  tl’ont  excos-  i\'c;  di. f  f  i  onJ. ti  es  ,  o-ptical  opa¬ 
city  oi;  tiio  conitcnn-oci  I'ha.se  is  assunied.  Tlris  hyi^othos i s;  is 
rolcv.'irl  to  ‘lie  oasa  c^f  rau.iant.  flux  change,  but  it  is  not 
cx).)actccl  lo  altoct  tlu;  conclusions  in  any  significant  'way, 
as  it  will  be  disoiiss.od  at  tlio  cm  cl  of  this  suh'scction . 


- 


Tlie  (jI;  jcct  J.vc:  nov  i to  preo.icL  v;})cn  itn  jllov.'cd  r-:tatic 
trari.si  tioi'i  ( i  o-iJ  i  zc-'i  t ro-j'.jii  a  succors  i  o:^  of  rixcJ  usivc  .1  y 
stocicly  state  cour'j  pur.,  a  i  cuis  )  bocc.;.. .s  f  or'o  i  as '.'n  it  or;o  at- 
teripLs;  to  realj.za  it  in  a  transiciii  fuuas.L-u.t'jatiy  y:.r  ;.!iarc) 
fasliicui.  Let  ;is  corisider  -a  iJU'c^  cu  uM.dia  t  iou  ■;r<o!.tic-!'L,  por- 
forrat'd  accordli.c  to 


r  (t)  =  F 


•1-  (F 


-  r 


. ) 


o,i  ''0,1  0,1 

;  pre.SDuro  ’;'(t 


1  -  C-Zp 

J 

■  'i'  ..''i’c}) 


on  an  ojir.que  j.u  c'!?,-]  3.rnt  v.’j. 'tt  <  j  ■; 
a  turariSient  :is  repr  O'-C!-' a.-  by  ^  ctishi/d  line  i  Fig.  tc-.i. 
It  assunici-i  teat  F  -  imu  Uf  i-j  o  stal  ia-.;  l  ly  st.;!  ''- 


roo . 


If  an  U'u:.;' i;sri>;>ot  'accuia 


transii;;f?n  1  ]  la. 


namic.'.  i  j  y  sr.ah.b.;  on.ly  .if  a  i.'eco\’c;iy  pcaii-),'.-  (('a;liiieci  in  Fig, 
,I8a  a.',  tl.o  poi.i'd  v'hcJ'O  div‘iT  0)  oc.curs.  ra.tia:.! i  c  si..d>11i- 
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the  gc'nera]  expression  of  Eq.  '/.,4.24  may  bo  specialized  to 
do 


(2.7.2) 

v/here 


s 


dx 


1(0^  -  0 


;  ;  ’l',F)  -  q(T,0  -  0  ;B  ,F  .,F  ,) 

■’  s  s  r  o ,  1  o ,  f 


(2.7.3) 2 


(1-r)  B  (F 

r*  n  \  —  J  c , 

i  -  ^o,f^ 

exp  (“B^y  T  ) 

'  s  ^s  2  (u  ) 

'  ^  (u^)^  ^  1 

1 

X  C  /  F5 

X  c ,  s 

U 

S 

L  S  J 

T,F 

'  o 

,0  "  0  )  =-  0 
s  s 

Dynamic  suability  analysis  requires  consideration  of  the 
nonlinear  ODE  of  Eq .  2.7.2.  The  Ijasic  difference  from  the 


static  5t;uji]ity  .inaJyr.is  i  r.  v.liat  !  he  rate  of  re-tarn  of 
the  S’."  fac.'o  ter  ;''  rature  tov.'.ird  tlic  ecrui  1  i  bri  rr:-.  value  rcr.-; 
dopei';-)."  exp  1  i  ci  I  v  oii  tiir,<,’,so  that  no  a  piiori  analyi-.J.r; 
is  po;;^!;.^',  ■  vc  r ,  Kq .  2.7.2  sliov/s  Uiat  tl.e  rate  t'f 

the  rc-s]  'onso  ot  the  e.yston'.  can  be  s ■'ara  red  i-i  t’.-.'e;  t-r  : 
ol  t!'ie';:.e  ,  f  (  is  tiK-  an i.onoi'.ion.s  c.onti  il:  ation  pre¬ 
viously  discunnet:  v/hil"  q(T,t3  -  .  c; )  is  the  r;onautone...ou; 

contribution  duo  to  tii"  finite  cU  n  tu  i  biaice  subsequent  i-o 
the  (f.i.ven  deradiatiori  J.av/. 


'I'lie;  main  interest  is  the  as.ymptotl  c  behavior  of  ii-.a 
.'■'y;;te;n  for  x  -•  :  to  predict  v/hetla^r  the  final  nta.Ij.le 

cqui  1  Do  ium  root  Ay  or  tl.e  trivial  solution  "  0  (root  C 
v;ill  bi;  reachrx!  (iMr's.  l.sa  -  3th:)),  I’or  the  v.’i  rie  j'  lpee  fjf 
co]i  troll  inq  pu.r  aireters  Viiry:'na  in  lir.’.e  accorcti  nq  to  iror"- 


bj  rum  rooL  /. 


tonic’.:All7  ‘^vv'''ar  i ’uq  fune’- D  ns  ,  ;')ie  e>inli.  lati 
of  the  ii(,)naiitC';,(i;.ious  term  i:  :y  be:-  jiortrciycci , 
2.7.3  sho’.v’s  (sec  big.  3hc  -  3i3d)  that; 


Jiideea,  li-j, 


g(T>-0  ,  j;,.  -  r^)  t  0  iit  any  inriant  foll.ov.’- 
iny  the  beginning  of  the  traps  i  i.ion ,  since 
tlie  denomi na ror  is  found  to  be  a  positive 


(2.7.4) 


qu.:>.ntity  xn  1.!ie  ramie  of  i.n  tr^  ■' es  t . 

9(1  -  ('<.)  •=  0  .''syr'.p to t ical  1  y  in  iimic 

i .  c; .  ,  time!'  r.'ich  lo;.";-!'  tiian  sore  cxte]';i<; 
cha  ractu'ri.s  t  i  c  t  i  i''e  s"mi.o  ticpr  iia.i ’ig  c;n  i a:-: 


given  a:orcing‘  lunction  ^a.g.»  i 


1 /”•..) 


Tlion,  It  foil  ov.’.s  i.isat  l.-efor.e  a'ld  rD'd'or  (for  'i:  •  Text)  Dhe 
extcimn]  ly  contrc'l.led  CT  enir-T  it'nV”  (a -e '  'joirii  "o.r'7DiTnn  s  of 
Buriace  L  er:],-era  i  n  I'e  i.t'V.'ai.d  Uu.'  ecj  0  j.  1  i  br  i  urn  vral’a!-)  in.  ci:/.’'.  ; 
ed  b^’  t  hi'  .tutoiK.'i';. )ur..  teriii  f  (.  ..  -  o,. ),  v.’Jioe.e  [,n  0[)0  5  1  >  os 


have  lii-en  ].r 


ill  nstre.  ted  in 


7)  qu.a l.i  ta  1, 1  vi ■  p.i.ctur<  of  tJac  l-.ehnvior  of  the  .‘.;ystr m 
govcriui:  iiy  Ho.  2.7.2,  uncici-  the  co:ia.!tlnns  specified  Irr 
Ecj .  2 , 7  , -f  and  for  ''iii'-ei!  initial  conci  ti  one  ,  can  be  per- 
traiyc;.!  in  tin.;  plaii.r  d  t-’./di"  vs  Ut;  (big.  39).  hoots  /  y  ai'ui 
Ay  (cf.  I’ig.s.  3ba  -  381j  and  39)are  .1  e.- -pec  ti  vel  y  tlio  stati¬ 
cally  stuiirlc  initial  .ind  1 1  na  1  cqui  1  i).>riu:n  conf  igurati  onn  . 
All  L  ta.  j  e.e  Lor  ii.'.a  {  rep.rosHaji  Li  agl  ttie  Iristory  oJ'  tlic  systc;;;) 
in  ]'iq.  39  star  t  froa'.  tlie  root-  7vi  and  terminate  c;itl;er  e.t 
tlie  ro'-q  /vy  or  at  t!ie  origin  of  tin;  axes  (root  C,  dynamic 
ex t j  ne  1  1  ' >1, )  ,  In  f’c  rina  1  j  tative  jior t i  .'ii t  of  big.  39  tiie 
nop.liir  ar  charnel  erls. tics  j',' (  ^  -  q  )  at  x  =  0  and 

f('  g^f  -  ’g)  at  T  >  have  been  rcprcs;entcd .  On  the  horiron- 

tal  axis,  tile  j-yt.irface  tenperaturo  corresponding  to  the  bran¬ 
ching  jioint  ^  at  the  operating  pressure  has  been  marked. 
This  value  (statically  critical  pcri.nt)  separates  the  stati¬ 
cally  .stable  roots  (7\i,At)  from  tlic  statically  unstable 
roots  (l5j,Bi).  }’or  a  cjuasl-stcady  transition,  the  trajecto¬ 
ries  starting  from  root  A  pi'ogrcssor.  into__tlio  negative 
half-plane  d-'g/di  ■-  0,  sincc_thc  term  g{T,03  y  -  O3)  ini¬ 
tially  domin.ites  the  terra  1(0^.  y  -  0,.)in  the  ODE  of  Eq .  2 . 7 . 2 


But  tuo  skc'^ch  ol  Fiq.  3'id  s!ic//;s  thul.  q(T,  ••  dc:r.,.V'\:'os 

laonotonically  cov;ard_  7,1 -.ro .  Wl-:cri  y(';:,  ~  Jh-co:i;o;_  la' 

gible  coniparod  to  i('y.  -  the  Ic'ii.ter  te'-.-i  fwivu  -oie 

trajectory  tov?aru  t!ie  tinai  root  A..-, 

The  rate  of  leturn  o'  tiie  surlaco  tciiiperature  tovMr  '  e- 
qui.libr.luia  for  T'-  (in  the  i;rri:;e  j.;-:  control  Ic'.  on'y 

by  the  e.utonor.ou:;  term,  'j'hie  niean.s  th'-et,  in  tlv-.-  (iietu  ■  .eiCf; 
history,  it  is  thss:  intrin^'ic  s  t-;ibi  J  ■;  !;y  of  liie  i'nml  strOe 
that  tcpsls  to  govv’rn  ch-.'  Ijcha'/io f'  ol'  the  r.y.'jfr;:;.  At  a  civr;. 
value  of  pressaj'e,  the  c:rj.:tc;af  "ro-r  cf  urii-  rjo-int  is  cioioocl 
by  Lh\:  statically  unstable:  i  Oot  bf)  .  - ; sc'r;i atcr:  v/j  in 

tlie  finc.i  statically  sLah.K:  root  j  (root  /.  )  throu';;’  th.c 


function  f(to 


statica.l  I'-- 


The  v,1k;Jc:  ep  ( ‘  a 

))S  tabic  !)Ut  a.llo'..-  j  a  dynauii  c;  irairnin 


girac .  The  stati'sally  ursstabh'  i.'o'pt  in  /'i','.  'hJ  is  pr^s'-t  sits 

a  liiuiting  concLitiou  vhi.i  c!;  is  a  tmi  oe-.y  jyirn^  ’  y ;  y*‘  the  r-ys  t-om 
fit  the  opeorating  (finaJ.)  pversui'e.  inis  cin  a !  ■/  .  1  cnr.  ja.-  re- 
pcaLod  for  different  valuer  of  pressure,  so  tied,  a  dyna:.iic 
stability  bc.aindary  nicy  be  ceust3'tu:leci  as  sinre,  in  i'ig.  iO  for 
sLanas.rsl  ain’oient  toi;',i.>ora  lie  '  ■  (300  K)  and  no  jt  i  sue.  ,1  rad,i.,';i  t 

fltix.  The  dynami.e  t,.d.ri  1  i  ty  bound.'.ry  just  dc  tonni  nod  wilJ  l.)C 
called,  for  the  re'oaip.do'  of  this  work,  .lo.icsr  dynar.iic  stabili 
ty  boundary  (cf.  3.7.2). 

The  statically  un.stablo  root  i't  .V’ i  g .  39  repres'.nls  .j 

liir.itine  condition  v.’hici!  is  a  uni.qiu.:  pj-oprody  oj  tl:e  proTvc.-l- 
lant  at  Iho  opei  ntinq  prrs.r.urc  (fc.'-  a.  given  ;  c.o-  of  paj  a.’i.v^ters 
it  depends  only  o.n  the  properties  of  th.e  intended  .final  state 
The  itine  connect  iivi  all  the,  point  .  .  y'Y  is  the  .lower  dynamic 
stability  lioui’.i.ia.ty  not  only  tor  oe  i.avi  i  c,  t  ion  tian.sj.ent.: ,  icono- 
ton.iea.ilv'  cecaying  to'warU  r.eio,  bul.  also  foj'  dcpre.ssuiJ.  ra  tion 
trans.icnl:s  monoionical  1"  d-a-aving.  pince  Un?  unstable  revot 
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condensedi  pfnase  !ias  no  ini  Iv.anco  on  the  dynar.  'o,:  staliility. 

No  prc.)l)?cm  arises  if  one  v.’istipr.  to  cons.idor  the  Gf.fec^  o.r 
other  p  iraiucterr. ,  foi-  oxaoe.  u.i  the  CiiebJcnt  tcr.'pcra turc ,  on  the 
Ic’wcr  c.ynanic  stfibility  boundary:  i,  t.  is  cn<)ugii  to  determine 
the  statically  unstable  root  lor  each  auibient  temperature  of 
intcro.s  t . 

The  existence  of  a  lov.er  dynar.iic  stability  boundary  dif¬ 
ferent  from  the  static  (sta.bi  1  i. r.'y)  bounda ry  has  been  shown. 
Crossing  of  thi.s  boundary  is  Gnouq!i  to  assure  dynamic  extinc¬ 
tion.  At  least  two  large  classes  of  s'ituations  can  be  envisag 
c-d.For  th.c  v/ide  range  of  cc.mtro.l  Li  nc;  parameto-i  s  varying  in 
time  according  to  r.vonotonical  ly  decreasing  functions  (c.g.: 
lineaj',  parabolic,  e.xponcntial  ,  etc.)  the  lower  dynamic  sta¬ 
bility  boundary  liolds  true  ins  Lantancously,  in  that  crossing 
of  the  boundary  at  any  instant,  even  during  the  action  of  the 
exterr.c'-l  disturbance,  is  sufficient  to  yield  dynamic  cxtinc- 
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Even  none  sLiJEjnq  is  tin.',  b'ahavior  ol  the  r-ystoja  for 
t’c-,  -"'-hOO  caJ/q  (Kiq.  1  ah'.  In  thiis  case,  the  .static  rasto.ii.raj 
f'ji'.ction  fcnituros  tv.'o  :;taL.lo  .roots,  D  (b,,  =  0,93)  and 
E  (  y,  -  1.61),  ncit.acr  of  v.'li  i  cli  is  a.llov.'cd  as  a  stationary 
.solution,  r.ittinq  at  tlic  sides  of  the  unstab.le  sttit  Loiiary  so- 
]  ution  A  ( .  =  0.99).  Uiidi,!).-  tin.  sc  circa  '..stances,  evt'n  in  a 

static  en'-t.  roniront ,  the  burni.)n3  propc  J  J  ant  .i.s  not  capable;  of 
findiny  aji  cqai  1  ibri'am  .reaertiny  coiifiy’ai  a  tion  and  bounces 
bade  and  fo.i.'th  aj.'ound  A  unde.r  tlia  conipctijiy  influences  of  n 
a’ld  b.  It  is  confirnit'd  (see  I'ig.  69,c.g;)  by  numeeica]  inle- 
gratlon  t.hat.,  after  a  transiont,  tlic  co.’ibus  tion  wave  under¬ 
goes  .shciro  r.<';lf-KUsl..ained  oscillations  ciround  A  v.’ith  pi;aks 
near  11  raid  b,  'this  suggests  the  existence  of  a  limit  cycle. 
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of  Qj-  values  for  v/hich  sol f- sun fai  ncv]  oscil]atory  burning 
may  occur  is  narrov;or  fhar;  indjcaLod  in  Tab.  5.  Indeed,  in 
this  OECillatojy  ronine,  the-  burning  propellant  bounces 
biick  and  forth  under  the  competing  iniluonco  of  D  and  K 
roots.  For  dynamic  i;oasons  tho  amplitude  of  those  surface 
temperature  osciilations  has  to  be  somev/hat  larger  than 
0^(E)  -  Cg,(D).  This  implies  that,  esinecially  !‘,ear  B  -  D 

roots  coaleyconce,  extinction  will  somcvv.'ha  t  shriTik  the 
Qs  range  of  self-sustained  oscillatory  burning. 

The  frequency  of  these  self-sustained  burni ng  oscj l- 
lati.ons  is  expected  to  be  sc'iKi'r.-.’hat  reliiled  to  the  condenscai 
phase  thermal  wave  relaxation  time  (at  tne  final  operating 
conditions  cif  a  burning  transient): 

(2.7.5)  n  = 

However,  the  exact  m.vaning  of  this  parameter  is  open  to 
questions  in  the  present  context.  This  point  will  be  dealt 
with  further  in  next  section. 

A  most  significative  v;.r>y  to  5:ummarise  the  findings  of 
this  investigati.on  is  shown  in  Fig.  48,  This  is  a  surface 
tenipcraturo  vs  pressure  plot  at  cojistant  Qg  (tlic  standard 
burning  rate  vs  pressure  p.Tot  on  logari  tmic  scale  is  in¬ 
convenient  for  graphical  reasons).  Root  A  corresponds  to 
what  is  usuai.ly  me<isured  in  a  strand  burner.  However,  for 
pressures  less  than  A-D  coalescence ,  A  root  becomes  stati¬ 
cally  unstable  and  the  solution  is  a  self-sustained  oscilla¬ 
tory  burning  peaking  slightly  above  E  and  below  D  roots. 

For  pressures  less  than  B-D  coalescence,  in  no  way  a  react¬ 
ing  steady  -solution  can  be  found.  Therefore,  for  a  given 
propellant,  it  can  be  conclud(,'d  tliat  pressure  favors  com-bus- 
tion  stability.  However,  too  large  pressure  might  cause  in¬ 
stability  of  the  raonodimensional  heterogeneous  deflagration 
wave  (Ref.  89);  but  this  is  out  of  the  range  of  validity  of 
this  study.  On  the  other  side,  for  decreasing  pressures , the 
burning  wave  "jumps"  abruptly  from  the  usually  steady  confi¬ 
guration  to  a  large  amplitude  self-sustained  oscillations 
before  getting  fully  extinguished.  Exactly  this  same  remark 
was  made  in  Ref.  68  on  a  totally  different  basis.  In  view 
of  this,  experimental  techniques  (and  the  very  concept  of 
pressure  deflagration  limit)  should  be  re-considered  in 
this  region  of  marginal  burning.  Pressure  deflagration  limit 
can  be  thought  of  as  that  critical  value  of  pressure  discri¬ 
minating  between  self-sustained  oscillations  and  no  steady 
reacting  solution.  It  follows  that  pressure  deflagration 
limit  is  associated  with  lass  of  static  burning  stability. 

A  possible  physical  explanation  of  the  above  results 
is  the  following.  Any  self-sustained  reactive  system  is  ca¬ 
pable  of  exothermic  reactions.  These  partly  occur  in  the 
gas  phase  (Q)  and  partly  in  the  condensed  phase  (H) .  The 
total  energy  release  QCF)  +  |Hj  is  determined  by  the  energy 
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balance  on  the  overall  steadily  burning  propellant  for  the 
given  set  of  opciating  conditions.  For  a  fixed  set  of  ope¬ 
rating  conditions,  increases  vdnilc  t^q  ^  decreases  for 
increasing  burning  rate.  For  lov;  values' of  iHl,  an  i.ncroase 
of  burning  rvitc  and  tliercby  of  i  R|Hl  is  countorbai.anced 
through  a  simultaneous  decrease  of  c^tj^r-ol/K  and  increase  of 
t’le  heat  flux  (*(0  ^  30;-;.;^  absorbed  into  the  condensed  phase. 
nov;evor,  for  largo  values  of  ill|  ,  an  increase  of  buriiing 
rate  nighr  be  tu's  tab!  1  i  xi  ng  if  increascjs  more  than 
(‘5c, s  “  *50  s^'  implies  an  acceleration  of  the  comlnis- 

tio.n  v.vivo that  is  the  apperance  of  a  D-type  root  in  the 
nonlinear  static  restoring’  functi':)n.  On  the  other  hand, 
for  the  same  sot  of  operating  conditions,  a  large  increase 
of  burning  rate  (up  to  orders  of  magnitude,  see  Sec.  2.8) 
is  strongly  s  tabilizincf.  Indeed,  under  these  circumstances, 
the  increase  of  <5^  3  is  much  Jargier  than  the  increase  of 
‘5g,s)  to  the  Arrhenius- type  dependence  of  the 

surface  on  the  burning  rate.  This  corresponds  to  the  appea¬ 
rance  of  an  E-typo  root  in  the  nonlinear  static  restoring 
function.  Therefore,  at  each  pressure  (see  Tab.  5)  a  critic¬ 
al  (A-D  coalesc:ence)  value  of  surface  heat  release  exists 
above  v;hich  the  energy  coupling  between  condensed  and  gas 
phases  becomes  locally  unstable,  i.e.  a  burning  rate  di¬ 
sturbance  due  to  the  change  of  heat  flux  absorbed  into  the 
condensed  phase  is  counterbalanced  only  "in  the  largo" 

(through  a  liiait  cycle  process)  by  an  appropriate  change  of 
heat  feedback  from  the  flame  and  the  surface  reacting  layer. 

At  each  pressure  a  second  larger  critical  (B-D  coalescence) 
value  of  surface  heat  release  exists  above  which  the  energy 
coupling  between  condensed  and  gas  phases  becomes  totally  un¬ 
stable  (except  at  the  trivial  root  C) ,  due  to  the  excessive¬ 
ly  large  thermal  gradients  occuring  in  the  condensed  phase 
near  the  burning  surface. 

As  to  the  pressure  effect,  increasing  pressure  implies 
increasing  Q,  which  subsequently  required  a  larger  value  of 
|H|  for  destabilizing  the  combustion  wave.  Larger  pressure 
require  larger  value  of  |h|  for  triggering  both  upper  insta¬ 
bility  and  the  self-sustained  oscillation  mechanism. 

§  2.7.4  -  Ignition  of  solid  propellants 

Attempts  are  being  made  to  extend  the  (nonlinear)  dy¬ 
namic  combustion  stability  analysis  to  ignition  transients. 
Just  as  dynamic  extinction,  ignition  can  be  seen  as  a  stabi¬ 
lity  problem  in  which  transition  occurs  between  two  statical¬ 
ly  stable  configurations:  from  reacting  to  unreacting  for 
dynamic  extinction,  viceversa  for  ignition.  Obviously,  for 
both  problems  the  transition  cannot  rigorously  be  described 
by  a  transient  model  with  quasi-steady  gas  phase.  However, 
for  both  problems  it  is  not  easy  to  do  better  and  probably 
not  strictly  necessary. 

With  this  limitation  in  mind,  numerical  runs  were  perform¬ 
ed  under  several  operating  conditions  to  check  whether  the  pre- 
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viously  defined  lov;cr  dyricimic  stability  boundary  (cf.i;2.7.1) 
singles  out  a  critical  condition  for  ignition  transients  too. 
Ln  cjoneral,  the  ansv.'or  is  no.  Thi.s  in  not  surprisiiic,  sincr-- 
the  lo’wor  dynauiic  .stability  Ijouiubiry  v.’as  evaluated  by  r.R',:ai.s 
of  the  static  restoring  function.  In  turn,  this  is  base.l  on 
finite  disturbances  of  burning  pi-opcLlants  from  a  sta  r  i  c,>n,'.  ry 
configuration,  llov/ovcr,  for  sorae  specific  prololcais  t!io  (iynani- 
ic  stalsility  analys^is  turned  out  liseful.  For  cxanplc;,  for  o- 
verdriven  igni  tion  transienrts  th.e  dynamic  burning  f  oi  i  itv.'i  ng 
the  externa],  energy  source  cut  off  nay  i.ead  to  extincti'ui 
(Refs.  t8-5S3).  Tiris  is  correctly  predicted  by  the.  stantiar.d 
lov;or  dynamic  stabi.lity  boundary.  Under  ajrpropriatc  cir(oj.!i.i- 
stances,  v.’hose  extent  is  nresenti.y  under  study,  this;  bounda¬ 
ry  assigns  also  <)  static  requirement  for  ignition  to  occur. 


§  2.7.5  -  Final  re!iiarl:s  on  dynamic  ccmbu.s  tion  .stability 

A  graphifxa]  su.'mnary  tlic  (nonJincar)  combustion  stabi¬ 
lity  analysis  is  offered  i-ii  Fig.  49.  7'iiis  is  a  stairdard 
R  vs  P  p]ot.  The  curve'  R(P)  is  obta.incd  experimental J y ;  the 
same  curve  is  reproduced  by  ItTF.S  (boLli  lincar,!a:cd  and  nonli¬ 
near  versions)  flame  mode].  MT.F  f  J.aiue  mociel  al.so  reproduces 
the  experimental  R(P)  curve,  but  v/ith  some  tolerance  due  to 
the  fitting  procedure  required  to  evaluate  the  proper  gas 
phase  parameters;  hov;cvcr,  this  tollerar.co  can  be  raado  negli¬ 
gible  if  enough  care  is  exerted.  The  combustion  stability  a- 
nalysis  is  then  able  to  predict  the  lower  dynai.iic  stability 
boundary,  the  static  stab.ility  boundary,  the  ru'cssure  defla¬ 
gration  limit  and  tlie  soli-sustained  oscillato.'-y  burning  re¬ 
gime.  The  region  of  dynamic  stability  is  boundcci  also  upward 
by  an  upper  dynamic  stability  boundary  (not  drav;n)  ,  which 
would  lie  somewhere  above  the  R(P)  curve,  extending  from  the 
self-sustained  oscillatory  burning  region  up  to  some  maximum 
pressure;  in  this  pressure  interval  damped  oscillatory  burn¬ 
ing  is  expected. 

All  stability  features  discussed  in  this  study  were  de¬ 
termined  within  the  framework  of  a  thermal  model  of  thin 
(quasi-steady)  heterogeneous  flames.  Both  static  and  dynamic 
combustion  properties,  including  self-sustained  oscillatory 
burning,  are  related  to  the  thermokinetics  of  tlie  deflagrat¬ 
ing  surface.  Diffusive  effects  and  wave  propagation  in  the 
gas  phase  were  neglected. 

The  general  behavior  of  thin  heterogeneous  flames,  for 
decreasing  pressure,  in  the  standard  burning  rate  vs  pressure 
plot  (Fig.  49)  includes  stationary  burning,  damped  oscillato¬ 
ry  burning,  self-sustained  oscillatory  burning,  and  no  self- 
sustained  reacting  solution.  The  critical  value  of  pressure 
under  which  self-sustained  reacting  solutions  are  no  longer 
allowed  is  the  pressure  deflagration  limit.  The  available 
quasi-steady  flame  models  are  questionable  in  this  marginal 
burning  domain;  however,  this  new  concept  of  pressure  defla¬ 
gration  limit  associated  with  heterogeneous  ( thermokinetic) 


burning  instability  rather  that  nonadiabaticity  of  the  com¬ 
bustions  v/avo  makes  sense.  Nonadiabacity  increases  the  value 
of  pressure  deflagration  limit;  other  stability  boundaries 
are  affected  as  well. 

The  overall  picture  of  tliin  hcterofjencous  flames  for 
the  first  time  seems  fully  undorstoex'' .  hemark  that  the  tran¬ 
sient  behavior  of  such  flames  is  predicted  for  both  pressure 
and  radiatj.on  driven  combustion  v/avc's.  Thin  heterogeneous 
flames  are  (I'ig.  49)  statically  and  dynamically  unstable  be^ 
lov.’  the  dynaiiiic  limit,  statically  r.nd  dynamically  stable  a- 
bove  the  static  limit  (except  for  damped  oscillations) ,  sta¬ 
tically  unstable  but  dynamically  stable  in  the  region  betv;con 
the  tv;o  limits.  Recall  that  the  dynamic  limit  is  valid  instan¬ 
taneously  f(jr  forcing  functions  monotonically  decreasing  in 
time,  asymptotically  for  forcing  functionsof  arbi¬ 

trary  shajie  but  levelling  6f.t  in  time  (in  particular,  pres¬ 
sure  or  radiation  pulses) . 

§  2.7.6  -  Important  remark  on  the  static  bounda ries 

Pressure  deflagration  limit  has  revealed  its  nature  of 
boundary  of  steady  burning  stability  associated  v;ith  decreas¬ 
ing  pressure.  On  the  contrary,  tl;e  "static  burning  stability 
boundary"  introduced  in  5  2.6.2  has  to  be  interpreted  ns  a 
boundary  between  existing  and  nonexisting  steady  solutions 
associated  with  increasing  heat  loss  and/or  decreasing  ambient 
temperature.  It  should  be  called  more  properly  "static  burning 
boundary";  in  what  follows,  for  the  sake  of  clarity,  it  will 
be  called  "static  burning  (stability)  boundary". 
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Sec.  2.8  -  HUMSRICA?,  C0MPUTATI0!:S 

Computer  chechn  v;erc  pertormed  hy  solving  numerically 
the  complete  hDi:  iormulaticn  cjf  the  f.'er.eral  uua;;i-stcnr;y 
gas  phase  transient  problem  (see  Sec.  2.2),  v;hercas  tl',e 
combustion  stability  boundaries  v/ere  determined  by  analy¬ 
tical  moans  from  considerations  about  the  approximately  c- 
quivalent  ODL  formulation  (.see  .Sec.  2.7), 

§  2.8.1  -  N  ume  r  i  c  a  1  Apn  r o  a  cIi 

In  this  subsection  thcr  nuiirn-ical  code  emDlfjyed.  for 
the  solution  of  the  PDK  forijulation  of  the  problem  is  de¬ 
scribed.  Quasi-s-'-.cady  gas  p’la.no  transient^;  can  bc;  simulat.- 
ed  vjith  any  kind  of  lav;  (exponential,  parabolic,  linear, 
pulsed,  ..,.)  for  the  histoiy  of  t!ie  controlling  parametr  rs 
(pressure  and/or  radiation)  and  for  several  flame  model-s 
(MTS,  KTSS ,  KZ,  and  LC)  .  Computations  v;ere  mostly  performed 
for  the  propellant  AP/PBAA  No.  941  v/hosc  properties  are  li.st 
ed  in  Tab.  1  . 

The  luonlinear  parabolic  PDE  of  Eg.  2.2.2  v;as  integrat¬ 
ed  according  to  nuraerical  qchomes  taken  from  Ref.  91.  Consi¬ 
der  the  siraple  problem 
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where  0  =0  (X,t)  and  o  is  a  constant  assumed  positive. 

The  time  derivative  is  numerically  app.roxi mated  (see  Fig. 
50)  by  a  v/eighted  average  of  the  values  in  the  neighbor¬ 
hood  of  the  point  we  are  solving  for  (scheme  No.  13, 
p.  191  of  Ref.  91 ) : 
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The  second  space  derivative  is  numerically  approximated  by 
a  standard  central  difference: 


(2.8.3) 
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This  scheme  i  s  part  j  evil  er]  y  convenient  for  rapidly  varying 
functians  and  is  knov;n  to  be  alv/ays  stable.  7vn  estimate  of 
tlie  truncation  error  is  given  in  Tig.  50. 

An  alternate  niunerical  approach  (sec  Fig.  50)  also 
irupl  emenlc^d  in  the  code  resorts  to  a  simple  Cran>:-Nicliolson 
sclicaae  (scheme  No.  2,  p.  189  of  Ref.  91)  for  which  the  time 
deriv;itive  is  simply 


(2.8.4) 
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This  classical  Crank-Nicholson  scheme,  requiring  tv/o  time 
levels,  is  always  initiable  since  in  our  transients  the  first 
vector  in  time  is  just  some  steady  state  thermal  profile 
(usually  evaluated  by  analytical  expressions).  On  the  con¬ 
trary,  the  scheme  of  Eg.  2.8.2  demands  an  initialization  pro- 
since  tlie  knowledge  of  tv;o  previous  time  vectors 


cedure 
0’^"''  (X) 
vector 
alv/ays 
It  is 
2.8.2 


and 

^n+1 


0”(X)  is  required  when  solving  for  the  current 
0“’^'(X).  The  simpler  scheme  of  Rq.  2.8.4  is  therefore 
I  iiTiplemented  for  the  first  fev.'  timie  integration  steps, 
an  user's  option  then  to  sv.’itch  to  the  schem.e  of  Eq. 
(more  suitable  for  rapidly  varying  phenom.ena)  or  to 


stick  with  the  scheme  of  Eq.  2.8.4  (more  suitable  for  contin¬ 
uous  adjustments  of  the  time  step  size) . 


Hov/ever,  our  problem  includes  other  lov;er  order  terms, 
such  as  the  first  space  derivative  in  the  convective  term, 
which  can  jeopardize  the  utility  of  the  above  numerical 
schemes. It  is  shown  in  Ref.  91  (p.  195)  that  stability  is 

unaffected  by  the  presence  of  lov/er  order  terms  with  constant 
coefficients.  In  our  case,  the  strong  nonlinear  dependence  of 
the  convective  term  not  only  affects  the  choice  of  the  time 
step  size  but  also  might  influence  the  stability  of  the  over¬ 
all  approach.  No  general  safe  method  exists  for  dealing  with 
the  complicated  problem  of  Sec.  2.2  and  the  obvious  method 
of  using  the  above  numerical  schemes  with  sufficiently  small 
discretization  steps  was  adopted.  The  time  step  size  is  as¬ 
signed  within  a  range  of  values  which  are  always  a  fraction 
more  or  less  small  (depending  on  the  specific  computation) 
of  the  corresponding  condensed  phase  characteristic  times. 
Moreover,  v/ith  the  scheme  of  Eq.  2.8.4  it  is  an  easy  matter 
to  adjust  the  tim.e  step  size  Ax  at  each  integration  step  by 
monitoring  the  tolerance  of  the  predictor-corrector  approach: 


(2.8.5) 
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where  Qg  is  the  predicted  value  of  surface  temperature  (by 
parabolic  extrapolation  of  the  past  3  values)  and  0(1)  is 


the  corrected  value.  TJie  tii’i.*  stop  size  Ax  is  adjusted 
autoniati  cal  ly ,  wit;hin  prca.s.signcd  jKHinds,  accortiing  to 
^to]  'the  pr'actical  conscfuienct'  of  this  nrocedure 

is  that  tlie  surface  tempera  turo  a  js'ic]  i  ent  in  time  is  usual¬ 
ly  very  small.  The  space  me.s/i  size  is  dlscus.sed  next. 

I3otli  the  boundary'  conditions  of  Eq .  2,2.2  have  a 
direct  influence  on  the  snace  net  dimension,  hut  their  re¬ 
quirements  arc  in  opposinn  directions:  BC.2  requires  an  ex¬ 
tended  space  net  v/iiich  goes  deep  inside  the  solid  ph.ase, 
while  H(l1  req\iii"es  a  fine  space  net.  In  order  to  avoid  un- 
necessaiy'  expenditure  of  computer  core  and  lime,  tlu;  tc  y^’r- 
rature  at  the  coul  bounilary  is  considered  to  ;h'  ajjproxi  la¬ 
tely  zero  when  it  is  of  several  orders  of  mannitiK^e  Ic's.;; 
than  the  surface  teinperature .  Computer  runs  j^er '‘ornic'd  for 
different  sets  of  input  data  and  operating  conditions  i);  • 
dicatc  tl)at  cold  boundary  temperatures  OlX”-- '0,1)  -  0(10"^’) 
or  loss  have  no  ai'>prcciable  influence  on  the  structure  of 
the  tlicrinal  profile'  near  the  surface  of  the  condensed  pliaso. 
At  eacli  time  stop  the  total  number  JF  of  space  steps  is 
then  chosen  by  requiring  that  0  ,  x )  is  conveniently 

small  but  not  too  small  (in  such  a  case  JF  is  decreased) . 

The  numerical  treatment  of  BC1  of  Eq.  2.2.2  lias 
proved  to  be  most  delicate.  This  is  obvious  if  one  consi¬ 
ders  that  the  coupling  of  the  gas  v;itli  the  solid  phase  is 
expressed  precisely  through  the  energy  balance  of  BC1  .  .An 
error  is  introduced  v;henever  the  temperature  gradient  at 
the  surface  is  evaluated  using  a  too  large  space  step.  Phy¬ 
sically',  this  is  due  to  the  fact  that  volumetric  terms  (ra¬ 
diation  penetration,  convective  and  unsteady'  effects)  be¬ 
come  important  compared  to  the  surface  terms  (collapsed 
reacting  layer,  condensed  and  gas  phase  side  thermal  gra¬ 
dients)  and  cannot  be  neglected  in  the  energy  balance  across 
the  finite  thickness  AX  required  by  the  numerical  approach. 
For  each  run  the  space  mesh  size  AX  is  then  chosen  by  requir¬ 
ing  that  across  the  first  AX 


BC1  error 


AO  due  to  volumetric  terms  ^ ^ 
A0  due  to  surface  terms 


The  above  check  is  made  at  each  time  integration  step.  Com¬ 
puter  runs  performed  for  different  sets  of  input  data  and 
operating  conditions  indicate  that  a  BCI  error  up  to  a  few 
percent,  at  most,  has  no  appreciable  influence  on  the  over¬ 
all  numerical  solution. 

The  numerical  molecule  shown  in  Fig,  50  is  associated 
with  a  single  mesh  of  dimensions  AX* Ax  and  implies  the  solu¬ 
tions  O'f  JF  simultaneous  algebraic  equations  on  3  (scheme 
of  Eq.  2.8.2)  or  2  (scheme  of  Eq.  2.2.4)  time  levels.  The 
parameter  JF  is  an  integer  assigning  the  total  number  of 
nodes  in  the  space  net. The  algebraic  system  derived  from 
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the  discrr tizat j on  of  the  PDK  of  fq.  2,2.2  is  then  cash  in  a 
very  special  form  called  a  tridiaqonal  raatrix.  An  efficj.ent 
method  of  solution  suitable  for  automatic  computations  is 
indicated  in  Rc.’f,  91  (o,  199).  Both  thc-^  schemes  shovm  in 

Fiy,  50  aj'e  implicit  and  unconditionally  staljle  (wlien  ap¬ 
plied  to  the  simple  diffusion  problem  discussed  at  the  be- 
girminq  of  this  section).  However,  scheh'O  (a)  is  supericr 
to  scheme  (b)  in  that,  containing  more  "memory  of  the  past", 
it  bettor  represents  rapidly  varying  functions.  Moreover, 
the  truncation  error  for  sch.ome  (a)  is  of  order  (AX)**  rather 
than  (AX)-‘  as  it  is  for  schonre  (b)  .  On  the  other  hand ,  scht.  r.ie 
(b)  is  more  suitable  for  continuous  adjustments  of  the  time 
step  size  and  does  not  require  an  inizialization  procedure. 

A  flov;  chart  of  the  overail  program  is  shov;n  in  Fig,  51a. 
'Die  program  allows  the  user  to  perform  4  different  types  of 
calculation  by  assigning  the  appropriate  code  value  to  the 
parameter  lOP.  Transients  of  ignition,  depressui.'ization ,  or 
deradiation  and  steady  states  can  be  computed  lor  fixed  val¬ 
ues  of  external  controlling  parameters.  The  first  step  is 
the  computation  of  the  restoring  function  by  PPSTPL  subrou¬ 
tine.  Giving  an  appropriate  value  to  the  parameter  NOSTAD, 
values  of  the  restoring  function  at  different  conditions 
are  computed  and  printed.  This  computation  can  be  avoided 
giving  the  value  0  to  the  parameter.  As  a  second  step,  the 
steady  state  configuration  corj'esponding  to  the  arbitrary 
but  fixed  initial  conditions  is  evaluated.  This  is  done  nu¬ 
merically  by  the  subroutine  RTMI  (taken  from  an  IBM  scien¬ 
tific  package)  solving  the  nonlinear  algebraic  energy  con¬ 
servation  equation  by  a  bi.section  method  (Ref.  90  ).  The 
transient  is,  then,  evaluated  by  implementing  the  numerical 
schemes  already  described. 

The  coupling  of  the  condensed  phase  energy  equation 
to  the  surface  pyrolysis  lav;  through  the  convective  term  of 
the  PDE  of  Eq.  2.2.2  requires  an  iterative  procedure  for 
the  surface  temperature  0g.  Moreover,  for  the  MTS  flame  mod¬ 
el  the  coupling  of  tlic  condensed  phase  energy  equation  to 
the  gas  phase  heat  feedback  law,  through  BC2  of  PDE,  re¬ 
quires  another  iterative  procedure  for  the  flame  ten-iperature 
Of.  Notice  in  the  flow  chart  of  Fig. 51b  that  the  Of  loop  is 
internal  to  the  O^  loop.  Therefore,  the  overall  approach 
consists  in  evaluating  Of  for  an  assumed  value  of  Og  and 
then  in  ciiecking  3g.  This  is  done  with  a  simple  trial  and 
error  procedure  for  the  first  new  integration  steps;  suc¬ 
cessively,  a  predictor-corrector  type  of  approach  is  im¬ 
plemented  through  a  parabolic  extrapolation.  This  is  ac¬ 
complished  separately  for  both  loops  and  for  each  of  them 
a  convergence  test  is  applied  at  every  integration  step  ac¬ 
cording  to  the  following  definition; 


loop  error 


corrected  value  -  predicted  value 
corrected  value 


Typically,  an  error  of  less  than  0  .3%  is  specified 


Typical  values  used  for  the  time  and  space  step  sizes 


are : 


Ax  =  0.01  and  AX  0.01 

Such  values  are  by  no  moans  mandatory  and  have  boon  adapted 
to  specific  situations  v^ith  the  overall  goal  of  the  best 
compromise  of  cost  vs  accuracy.  A  itiinimum  number  of  about 
one  1)undrcd  steps  in  time  is  usually  performed.  Since  the 
surface  temperature  gradient  usually  changes  in  time,  a  va¬ 
riable  time  step  size  is  used  during  the  same  computation 
according  to  the  procedure  mentioned  above.  A  rainin.ur.i  jrasi- 
her  of  about  one  thousand  stc'ps  in  space  is  usually  adopted 
However,  particular  situations  (e.g.,  self-sustained  oscil¬ 
lations  of  burning  rate  or  oscillatory  changes  in  time  of 
external  radiant  flux  intensity  impinging  on  a  sensibly 
transparent  propellant  or  transients  near  pressure  deflagra 
tion  limit)  may  require  much  more  tedious  computations). 

The  program  has  been  v/ritten  in  FOUTRAN  IV  lan¬ 
guage  and  has  been  run  mainly  on  UoIIVAC  1  100/80  computer. 

A  typical  run  requires  a  core  of  about  50  K.  Several  sub¬ 
routines  are  also  available  in  BASIC  and  implemented  on 
IIP-85. 

A  series  of  checks  were  made,  and  some  were  incorporat 
ed  permanently  in  the  program,  in  order  to  make  sure  that 
the  overall  n'omerical  approach  was  performing  as  intended. 
Actually,  the  difficulties  inherent  in  the  numerical  solu¬ 
tions  deserve  a  full  study  by  themselves;  therefore,  only 
semi-empirical  tests  vjei'o  performed.  The  first  obvious 
clieck  is  to  compare  the  results  obtained  in  this  study  with 
those  found  in  previous  investigations.  Likewise,  very  help 
ful  is  the  comparison  of  the  steady  state  solutions  found 
numerically  v;ith  the  corresponding  analytical  solutions. 
These  checks  were  used  to  localize  all  possible  trivial  er¬ 
rors  upstream  of  t)ie  overall  numerical  approach.  The  appro¬ 
priate  choice  of  the  time  and  space  size  was  verified  ac¬ 
cording  to  the  standard  procedure  of  varying  the  time  and 
space  mesh  size  in  a  programmed  manner,  while  keeping  the 
input  data  fixed,  and  making  sure  that  no  appreciable  dif¬ 
ference  in  the  results  could  be  detected  by  halving  or 
doubling  the  mesh  size.  The  stability  of  the  overall  nume¬ 
rical  approach  was  checked  by  letting  the  computer  run  free 
on  hypothetical  transients  with  no  cliange  in  time  of  the 
controlling  parameters.  Oscillations  of  negligibly  small 
amplitude  around  the  initial  steady  state  configuration 
(known  to  be  physically  stable)  were  observed.  All  these 
checks,  although  successful,  not  only  are  not  conclusive 
but  also  are,  in  principle,  restricted  to  those  specific 
situations  in  which  they  were  performed.  It  was  felt  conve¬ 
nient  to  have  some  form  of  internal  check  in  the  program 
itself,  so  that  each  run  could  at  least  be  considered  self- 
consistent.  Therefore,  at  each  integration  step,  not  only 
the  cold  boundary  temperature  and  the  BCI  error  previously 


inenLioned,  but  also  tho  intccjral  balances  of  energy  in  the 
solid  phase  a;id  across  the  whole  deflagration  v/avo  are 
checked.  Again,  tfieso  also  are  not  conclusive  tests  but 
must  rather  bo  viewed  i;s  effective  v;arning  signals  'wh.enevor 
the  integral  balaiice  is  not  satisfied  at  £iny  stage  of  the 
transient. 

§  2.8.2  -  Dynamic  extinction  of  solid  prcjpellants 

Checks  of  tlie  lower  dynamic  stability  boundary  were 
performed  for  f^everal  deradiation  and  depressurization  tran¬ 
sient  lav.’s  (see  Tal>.  9}.  .Since  the  lower  dynamic  stability 
booj'dary  corre.sponds  to  statically  unstable  roots,  it  cannot 
be  ob.nerved  (.iirectly  either  experimentally  or  numerically.  A 
go/no-go  technique  is  required  (see  Figs.  52-53).  Results  ob¬ 
tained  are  graphically  illustrated  in  Figs.  52-66  and  sumnui- 
rizod  in  'J'ab.  10.  They  confirm  th.e  analytical  predictions  as 
to  the  lov/er  dynamic  stability  boundary;  in  particular: 

(1)  its  independence  on  the  specific  monotonic  laws  implement 
ed  (linear,  bilinear,  parabolic,  exponential),  Figs. 54-5 

(2)  its  independoRC^o  on  the  specific  coefficient  rate  of  a 
given  monotonic  law.  Figs,  52-53. 

(3)  its  validity  both  for  dcpress\irization  and/or  deradiation 
transients.  Figs.  61-62. 

(4)  its  validity  for  both  optically  opaque  or  transparent  con 
densed  phase. Fig.  63. 

(5)  its  validity  for  simultaneous  or  consequential  monotonic 
forcing  laws.  Figs.  64-65, 

(6)  its  validity  for  pul-sed  forcing  laws.  Fig,  66. 

(7)  its  dependence  on  final  operating  conditions.  Figs.  57-60 

(8)  its  validity  for  MT.S  and  KTSS  nonlinear  flames;  no  lower 
dynamic  stability  limit  exists  for  KTSS  linear,  KZ,  and 
LC  flames. 

It  is  further  sugge.sted  that  n  =  3  gives  an  excellent 
agreement  for  any  transient  with  final  pressure  rot  larger  thi 
say  30  atm.  For  larger  final  pressure  either  n  <  3  or  more  ac 
curate  numerical  scliemes  (due  to  the  strong  dependence  on  ini 
Lial  conditions)  are  to  be  implemented;  this  is  yet  under 
study . 

§  2.8.3  -  Upper  dynamic  co.abustion  stability 

Results  concerning  the  upper  dynamic  stability  limit  are 
illustrated  in  Figs,  67-68.  Runs  v/ith  exponential  increase  of 
pressure  from  P.  =  10  atm  to  =  30  atm  are  plotted  for  sev¬ 
eral  values  of  the  surface  heat  release  Qg  (cf.  Tab.  4).  As 
expected  (cf.  Fig.  43),  for  |Qg|  sufficiently  low  (Fig.  67), 
one  observes  a  smooth  transition  from  the  initial  to  the  fi¬ 
nal  steady  state  equilibrium  configuration  (see,  for  example, 
Qg  =-150  cal/g) .  For  larger  values  of  | Qg|  ,  a  vigorous  acce¬ 
leration  of  the  wave  occvir  (Fig.  68).  Following  this,  the  he¬ 
terogeneous  deflagration  wave  will  relax  toward  a  stationary 
solution  (Fig.  69) .  This  is  the  stable  steady  state  reacting 
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configuration  for  IQgi  less  than  the  A-D  roots;  cos iesconce 
value,  self-sus;tained  oscillations  for  jOsI  larger  thcin  toe 
A-D  roots  coalescence  value,  and  the  stable  steady  state  un- 
rencting  configuration  for  |Qy|  larger  tnan  the^  ii-i:)  roots 
coalescence  value  or  v/henover  the  dynasnios  of  the  transient 
is  too  fast  compared  to  the  propellant  response  capnoility. 
This  is  discussed  next. 


§ 


2.8.4  -  Sol f-sustained  oscillatory  burning  of  r.olj.d_ 


oro- 


pe  JJ-  ants 

The  pressurization  runs  from  10  to  30  atm  shov.’n  in 
69,  for  several  values  of  Qg,v/ere  comT)Utcd  implcruont rng  hra 
flame.  The  results  nicely  conririn  the  existence  of  the  three 
static  burning  regimes  preoicted  by  the  bifurcation  diagram 
of  Fig.  43.  Remark  that  (Q.^i  -  180  cal/g  is  less  ti'ian  t.ie 
A-D  roots  coalescence  values  (|0gl  =  190  cal/g),  v;hile  iQg'- 

220  cal/g  is  very  clo.se  to  the  B  -  D  root.s  coalcr.conco  value 
(  |Qs!=  222  cal/g).  Compare  v/ith  Tab.  4.  Notice  that  for  in¬ 
creasing  (Qsi ,  the  same  extornni  forcing  function  gives  more 
pronounced  dynamic  burning  effects.  For  example,  see  the  suc¬ 
cession  of  the  initial  surface  temperature  peaks  in  Fig. ^69 
for  the  three  indicated  value  of  Qg .  Large  values  of  iQgi  fa¬ 
vor  (dynantLc)  extinction, duo  to  ovorstiibility /diirinc;  tiie  initial  tronsioiL. 


For  i Qgl  =  200  cal/g  the  numerical  solution  of  the  pres¬ 
surization  test  confirm' that ,  after  a  certain  transient,  the 
comliustione  v;ave  undergoes  characteristic,  sharp  scif-sus- 
stained  oscillations  around  A  root  (0g  -  1.61)  and  D  (Og  = 
0.94)  roots.  Tiie  results  of  further  computer  simulated  tests 
are  summarized  in  Tab.  11,  No  self-sustained  oscillatory  re¬ 
gime  was  found  for  several  values  of  jOgl^lBO  cal/g  and 
|Qgj^210  cal/g.  But  for  Qg  =  -200  cal/g,  after  a  few  transient 
cycles,  exactly  the  same  oscillatory  pattern  v;ns  found  for 
exponential  pressurization  tests  to  40  atm  with  Bp  =  200 
from  Py  --=  10,20  and  30  atm.  Hoviever,  the  amplitude  and  the 
period  r  of  the  surface  temperature  oscillations  decreased, 
for  increasing  final  pressure,  according  to  the  values  listed 
in  Tab.  11.  Exponential  pressurization  tests  to  50  atm,  with 
Bp  -  200,  from  =  10  or  40  atm  confirmed  this  point.  All 
this  evidence  neatly  suggests  that,  for  a  propollant  with 
the  appropriate  value  of  Qg,  the  existence  and  the  proper¬ 
ties  of  the  self-sustained  oscillatory  regime  are  uniquely 
defined  by  the  final  operating  pressure  (being  all  runs  per¬ 
formed  at  fixed  ambient  temperature  of  300  K  and  for  adiaba¬ 
tic  burning).  In  Tab.  11  for  the  reader's  convenience, the  val¬ 
ues  of  0g(E),  0g(D),  and  0g(A)  are  plotted  for  n  =  3.  Like¬ 
wise,  the  value  of  thermal  v;ave  relaxation  time  in  the  con¬ 
densed  phase,  c  =R~‘,  are  given.  However,  the  exact  mean¬ 

ing  of  this  parameter  in  the  present  context  is  open  to  ques¬ 
tions. 

The  previous  computer  simulated  tests  were  obtained  by 
implementing  MTS  flame.  Pressurization  tests  with  KTSS  non¬ 
linear  flame,  from  10  to  30  atm  with  Bp  =  1 ,  were  also  per¬ 
formed.  Unfortunately,  the  value  of  Qs=-200  cal/g  falls 


outside  the  range  of  applicability  of  the  KTSS  nonlinesr 
flame  at  '1 0  atin;  therefore  no  direct  comparison  v;.i  th  MTS 
flame  was  possible.  The  same  pressurization  test  was  then 
attem.pued  for  --180  cal/g.  A  self-sustained  oscillatory 
regime  was  detected  (t,j-2.8),  -with  tiie  same  general  features 
observed  with  MTS  flame  (see  Fig.  70). A  self-sustained  oseiJ- 
latory  rogijne  with  JTJ'SS  nonlinear  flame  v;as  also  detected  by 
Kocker  and  K’olson  (Ref.  74),  v;ho  found  -  1.36  at  68  atm 
for  |Qs|  =  105.8  cal/g  (their  |iij  =  0.88). 

TIjo  characteristic  spi)<cs,  observed  in  all  run,  of  the 
burniiig  rate  oscillations  physically  suggest  a  succession 
oftl'iermal  explosions  of  surface  layers  (strongly  and  in-depth 
heated  by  the  intense  heat  source  due  to  large  |Qsj  veilues  at 
the  burning  surface  slov/ly  regressing  for  most  tiivio)  follov;ed 
by  similarly  fast  burning  rate  decrease  (due  to  tight  coupl¬ 
ing  condensed/gas  pliases  at  high  burning  rates)  and  slow 
thermal  wave  build-up  (ignition  lag).  For  any  comijination  of 
pressure  and  surface  lieat  release,  a  more  or  less  narrow 
range  of  values  exists  for  v/hich  so]  f-sustained  oscillatory 
burning  is  the  only  allov;cd  combustion  regime.  In  any  event, 
witliin  the  framework  of  heterogeneous  ( therinokinetic)  thin 
flame  combustion  stability  theory,  lov;  pressure  associated 
V7ith  large  surface  heat  release  favors  self-sustained  oscil¬ 
latory  burning. 

A  region  of  particular  interest  is  near  the  pressure  de¬ 
flagration  limit.  It  was  predicted  analytically  (see  5  2.7.3) 
and  is  confirraed  numerically  that  lov/  frequency  self-sustained 
osci.llations  show  up  when  the  pressure  is  lov/ered  dov/n  to  the 
deflagration  limit.  Several  experimental  reports  on  this  phe¬ 
nomenon  can  be  found  in  the  Soviet  literature,  A  recent  paper 
by  Japanese  authors  (Ref,  92)  further  claims  that  low  pressure 
self-sustained  oscillations  can  also  be  associated  with  (stea¬ 
dy)  external  radiation.  Computer  runs  in  agreement  with  this 
experimental,  observation  are  shown  in  Fig.  71:notice  that  fre¬ 
quency  increases;  and  amplitude  decreases  for  increasing  in¬ 
tensity  of  the  impinging  radiant  flux. 

§  2.8.5  -  Effect  of  C  /C  ,  /  1 
_ _  g  o _ _ 

The  effect  of  specific  heat  ratio  not  (necessarily)  unity 
is  to  make  dynamic  extinction  more  difficult  due  to  both  slight 
decrease  of  the  lower  dynamic  stability  boundary  and  larger  re¬ 
sistance  to  clianges  of  the  instantaneous  surface  temperature. 
See  Fig.  72.  The  overall  effect  is  not  large,  though. 

The  consequence  of  C^/Cq  /  1  on  the  self-sustained  oscil¬ 
latory  burning  is  more  sensible.  At  a  given  pressure,  oscilla¬ 
tions  require  larger  |  Qg  ref  I  mainly,  feature  less  impor¬ 
tant  spikes  than  for  Cg/<^c  -  I*  Fig.  73.  At  a  given 

Qs,ref/  oscillations  snow  up  for  decreasing  pressure  until  the 
deflagration  limit  is  reached.  See  Fig.  74. 


§  2.8.6  -  Ignition  of  solid  propellants 

Several  go/no-go  ignition  transients  were  performed.  A 
significative  example  obtained  with  MTS  flame  is  shown  in 
Fig.  75.  The  two  runs  plotted  in  this  figure  are  identical, 
except  a  negligibly  faster  cut-off  of  the  external  radiant 
source  for  the  extinguished  case.  The  minor  dynamic  effects 
associated  with  the  cut-off  of  the  external  radiant  source 
are  not  enough,  for  the  ignited  case,  to  lead  the  instanta¬ 
neous  surface  temperature  (or  burning  rate)  below  the  corre¬ 
sponding  critical  value.  Under  the  specific  operating  condi¬ 
tions  of  Fig.  75, the  lower  dynamic  limit  is  seen  to  consti¬ 
tute  a  rather  accurate  boundary  both  for  the  static  (mijiimum 
energy)  and  dynamic  (smooth  energy  source  cut-off)  ignition 
requirements.  This,  however,  cannot  be  generalized.  Indeed 
the  lower  dynamic  limit  was  evaluated  for  an  initially  stea¬ 
dily  burning  propellant.  The  exact  connection,  if  any,  bet¬ 
ween  ignition  and  lower  dynamic  limit  has  yet  to  be  investi¬ 
gated.  On  the  other  hand,  in  the  case  of  dynamic  extinction 
of  steadily  overdriven  burning  rates  associated  with  igni¬ 
tion  transients,  the  lower  dynamic  limit  is  expected  to  be 
fully  valid. 

Further  computed  simulated  ignition  transients  are  illu¬ 
strated  in  Fig.  76  (exposure  time  Tg  =  140  and  linear  deradia¬ 
tion  with  =  200)  and  Fig.  77  (Tg  =  112  and  =  20).  Both 
examples  show  some  dynamic  burning  effects  associated  with 
the  external  radiation  source  cut-off.  Moreover,  under  the 
specific  operating  conditions  of  Fig.  77,  the  propellant  is 
seen  to  ignite  before  reaching  the  lower  dynamic  limit. Very 
liJcely  this  is  due  to  slow,  volumetric  heating  of  the  propel¬ 
lant  slab  associated  with  lov/  external  radiant  flux  intensity. 
Slow,  volumetric  heating  is  also  responsible  for  the  large 
and  fast  surface  temperature  damped  oscillations  appearing 
in  Figs.  76-77  but  not  in  Fig.  75. 

The  radiative  ignition  map  shown  in  Fig.  78  was  obtained 
by  numerical  computations  with  a  trapezoidal,  monochromatic 
and  perpendicularly  impinging  pulse  of  external  radiation. 

MTS  flame  was  implemented;  a  pressure  range  from  10  to  30  atm 
was  explored  for  both  optically  opaque  or  transparent  con¬ 
densed  phase.  The  results  obtained  show  that  the  ignition 
boundary  tends  to  be  a  straight  line  in  the  Ig/lg  plot  (time 
of  radiant  heating  vs  radiant  flux  intensity) .  However,  this 
straight  line  is  no  longer  valid  for  low  pressure  and/or  large 
radiant  flux  intensity.  Dynamic  extinction  associated  with  cut¬ 
off  of  the  radiant  source  made  ignition  impossible  at  10  atm 
and  large  radiant  flux;  it  was  found  necessary  to  decrease  the 
rate  of  the  radiant  source  cut-off.  Optical  transparency  makes 
ignition  more  difficult  (in  that  the  minimum  time  of  required 
radiant  heating  increases)  ,  since  the  heating  effect  is  vol- 
umetrically  diluted.  All  these  effects  are  well  known  experi¬ 
mentally.  An  orientative  comprarison  with  experiemntal  data 
collected  in  Refs.  3  or  59  is  shown  in  Fig.  79:  the  solid  lines 
fitting  the  experimental  data  are  seen  to  correspond  surpris- 


ingly  well  with  the  computed  points.  Notice  that  the  compo¬ 
sition  with  no  carbon  should  be  less  opaque  to  radiation 
than  the  composition  with  1%  carbon. 

The  general  behavior  of  computed  ignition  transients 
is  shown  in  Fig.  80  where  surface  temperature,  flame  tempera¬ 
ture,  and  heat  feedback  are  plotted  vs  time  for  a  given  ra¬ 
diation  pulse.  Remark  that  numerical  modeling  of  ignition 
can  be  attempted  only  with  MTS  or  KTSS  nonlinear  flames.  How¬ 
ever,  in  the  very  low  burning  rate  region  it  was  found  neces¬ 
sary  to  tailor  these  flame  models  to  obtain  a  well  behaved 
limit  for  Qg  ^  0.  The  following  steps  were  taken  for  0g  $  0]^; 

®f  =  ®s  (®f,k/\> 


4  =  R 

^g,s 


Q  -  ^  (0f  -  0g) 

c 


where  0f,k  is  obtained  from  Eq.  2.2.7  letting  0s  =  0^.  This 
minor  modification  should  v/ork  with  any  suitable  flame  model 
and  makes  sure  that 


lim  4  (T,R)/R  =  0 

^  .n  y 


§  2.8.7  -  Further  computer  runs  on  dynamic  combustion  stability 

Computer  simulated  burning  transients  triggered  by  a  va¬ 
riety  of  pressure  and/or  radiation  pulses  are  being  performed. 
The  purpose  is  to  check  the  validity  of  the  analytical  predic¬ 
tions  in  the  case  of  forcinj  functions  of  arbitrary  shape  but 
levelling  off  in  time.  The  results  so  far  obtained  are  extre¬ 
mely  encouraging.  An  example  of  radiative  pulse  was  shown  in 
Fig.  66;  another  example,  dealing  with  pressure  pulse,  in 
discussed  in  Ch.  3  with  reference  to  shock  tube  experiments. 
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Sec.  2.9  -  STATS  OF  THE  ART  OF  THE  NONLINEAR  APPROACH 

The  problem  of  the  quasi-steady  gas  phase  burning  of  a 
solid  propellant  is  being  dealt  with  in  a  rather  general  form. 

In  order  to  retain  the  nonlinearity  of  the  problem,  an  approx¬ 
imate  formulation  in  terms  of  an  ODE  was  written.  This  was 
done  by  means  of  an  integral  approach  limited  to  situations 
in  which  no  inflection  point  in  the  history  of  the  condensed 
phase  thermal  profiles  would  occur.  It  is  shown  that  important 
facts  (see  below)  of  heterogeneous  combustion  may  be  ascertain¬ 
ed.  The  tv/o  fundamental  regimes  of  static  (intrinsic  random 
perturbations)  and  dynamic  (externally  assigned  changes  of  the 
controlling  parameters)  stability  of  heterogeneous  flames,  al¬ 
lowing  for  finite  size  disturbances,  are  examined. 

The  following  facts  emerge  from  the  nonlinear  static  sta¬ 
bility  analysis.  For  a  given  set  of  parameters: 

1 .  a  stable  stationary  nonreacting  equilibrium  configuration 
(trivial  solution)  is  always  found. 

2.  a  stable,  stationary  (low  j Qg  ref|  and/or  large  pressure) 
or  self-sustained  oscillating  (large  jQg  ^ef!  and/or  lov/ 
pressure) ,  reacting  equilibrium  configuration  may  be  found. 

3.  a  stable  stationary  reacting  equilibrium  configuration  is 
found  before  A-D  roots  coalescence  occurs. 

4.  self  -  sustained  oscillations  are  found  betv;een  A-D  roots 
coalescence  and  B-D  roots  coalescence. 

5.  after  B-D  roots  coalescence,  no  stable  reacting  equilibrium 
solution  is  found. 

6.  the  static  burning  (stability)  boundary,  for  small  but  fi¬ 
nite  size  random  intrinsic  disturbances,  is  the  locus  of 
A-B  roots  coalescence  at  fixed  pressure. 

7.  the  pressure  deflagration  limit,  for  small  but  finite  size 

random  intrinsic  disturbances,  is  the  locus  of  B-D  roots 
coalescence  obtained  by  lowering  the  pressure  for  fixed 
chemical  composition  (i.e.,  fixed  ref^  fixed  set  of 

operating  conditions.  ' 

8.  the  static  stability  of  the  steady  state  equilibrium  confi¬ 
gurations  can  be  measured  by  the  slope  of  the  static  restor¬ 
ing  function  vs  surface  temperature  at  the  point  Og  of  inte¬ 
rest. 

9.  The  effect  of  the  relevant  parameters  can  be  easily  evaluat¬ 
ed  by  considering  the  corresponding  bifurcation  diagrams. 

The  following  facts  emerge  from  the  nonlinear  dynamic  sta¬ 
bility  analysis.  For  a  given  monotonic  or  pulsed  law  of  time- 
wise  decrease  of  the  controlling  parameters: 

1 .  extinction  may  occur  even  though  the  final  point  of  the  tran¬ 
sition  is  statically  stable. 

2.  the  lov/er  dynamic  stability  boundary,  for  finite  size  distur¬ 
bances  consequent  to  timewise  changes  of  the  controlling  pa¬ 
rameters,  is  the  locus  of  the  statically  unstable  roots 
(B-type)  associated  with  the  final  operating  conditions.  It 
holds  true  instantaneously  for  monotonic  forcing  functions, 
asymptotically  for  pulsed  forcing  functions. 
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3.  the  lower  dynamic  stability  boundary  holds  true  both  for 
deradiation  and/or  depressurization  runs,  and  is  not  af¬ 
fected  by  the  details  of  the  specific  forcing  law  imple¬ 
mented. 

4.  upper  dynamic  instability  is  related  to  D  root  and  may 
cause  vigorous  acceleration  of  the  combustion  wave  or  dy¬ 
namic  extinction. 

The  following  facts  emerge  by  comparing  several  flame 
models : 

1.  the  KTSS  linear,  KZ,  and  LC  flame  models  are  physically 
meaningless  for  burning  rate  less  than  about  90%  of  the 
steady  value. 

2.  the  KTSS  nonlinear  flame  model  is  physically  questionable 
for  burning  rate  near  zero. 

3.  the  MTS  flame  model  is  in  principle  acceptable  over  the 
whole  range  of  burning  rate. 

The  following  facts  emerge  by  changing  the  order  n  of  the 
polynomial  approximating  the  disturbance  thermal  profile: 

1.  C  and  A  roots  are  not  affected. 

2.  B,  D,  and  E  roots  are  affected. 

3.  the  static  burning (stability )  boundary  can  be  predicted  in¬ 
dependently  of  n. 

4.  the  pressure  deflagration  limit  is  predicted  in  function 
of  n. 

5.  the  dynamic  stability  boundaries  (both  lower  and  upper)  are 
predicted  in  function  of  n. 

6.  the  polynomial  of  order  n=3  gives  accurate  results  up  to 
30  atm  of  final  pressure,  n  <  3  may  be  more  suitable  for 
larger  values  of  pressure.  This  point  is  not  yet  definitive 

The  physical  meaning  of  the  stability  boundaries  is  the 
following.  The  static  burning  (stability)  boundary  defines 
that  ultimate  burning  rate  or  surface  temperature,  for  a  given 
pressure,  below  which  steady  self-sustained  burning  is  no  lon¬ 
ger  allowed.  The  dynamic  stability  boundary  defines  that  ulti¬ 
mate  burning  rate  or  surface  temperature,  for  a  given  set  of 
operating  conditions,  below  which  extinction  necessarily  fol¬ 
lows.  The  fundamental  importance  of  this  distinction  is  stres¬ 
sed  by  the  fact  that,  under  dynamic  conditions,  the  propellant 
may  momentarily  burn  also  in  a  region  of  statically  forbiden 
configurations.  It  is  shown  that  the  dynamic  stability  boun¬ 
dary  collapses  to  the  range  of  influence  of  the  statically 
stable  equilibrium  configuration  when  the  rate  of  change  of 
the  externally  controlled  parameters  is  negligible.  The  pres¬ 
sure  deflagration  I:' ait  defines  that  ultimate  pressure,  for 
a  given  chemical  composition  and  set  of  operating  conditions, 
below  which  steady  self-sustained  burning  is  no  longer  allowed 

Notice  that  numerical  values  have  been  given  only  for  a 
particular  composite  propellant  (AP/PBAA  No.  941).  This  was 
done  simply  because  for  this  particular  propellant  properties 
and  good  flam.e  model.s  were  readily  available.  It  is  felt,  how¬ 
ever,  that  all  analyses  were  conducted  from  a  broad  point  of 
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view,  and  in  no  way  were  they  dependent  on  the  particular 
type  of  propellant  chosen  as  datum  case.  Therefore,  the  con¬ 
ceptual  results  are  expected  to  hold,  although  in  different 
ranges  of  the  relevant  parameters,  for  a  wide  variety  of  sol¬ 
id  propellants. 

In  particular,  the  nonlinear  stability  theory  of  hetero¬ 
geneous  I'hin  flames  developed  in  this  report  shows  that: 

1.  pressure  deflagration  limit  can  be  predicted  even  for 
adiabatic  combustion  v;avos. 

2.  self-sustained  oscillatory  burning  is  found  for  both  in¬ 
creasing  jQs,refi  a  fixed  pressure)  and  decreasing 

pressure  (with  a  fixed  chemical  composition) . 

3.  damped  oscillatory  burning  is  found  for  botl':  increasing 
|Qs,ref  I  ^  fixed  pressure)  and  dccrcasijig  pressure (v;ith  a  fixed 
chemical  composition)  before  the  self-sustained  oscillatory 
burning. 

4.  the  effect  of  Cq/C^  ^  1  is  appreciable  in  reducing  the  am- 
Pl  itude  of  self -‘-sustained  oscillatory  burning. 

5.  the  effect  of  radiative  heat  loss  from  the  burning  surface 
is  negligeable. 

6.  ignition  transients  in  general  cannot  be  fully  predicted. 

7.  all  findings  have  a  clear  interpretation  in  the  standard 
pressure  vs  burning  rate  plot. 
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CHAPTER  3  -  EXPERIMENTAL  UNSTEADY  BUPJJIUG  RESULTS 

Sec.-  3.1  -  SHOCK  TUBE  EXPERIMENTS 

The  pressure  deflagration  limits  of  the  three  propellant 
formulations  under  consideration  (an  AP- based  composite ,  a 
catalyzed  DB  and  a  noncatalyzed  DB)  were  determined  in  the 
actual  operating  conditions  of  the  shock  tube  (Fig.  81a). 

These  experiments  were  conducted  statically,  i.e.  a  propel¬ 
lant  sample  was  placed  in  the  test  section  of  the  shock  tube 
(end  wail)  and  ignition  was  attempted  by  means  of  an  elec¬ 
trically  lieated  v/ire  (Fig.  81b).  The  ignition  v:as  considered 
successful  only  if  a  self-sustained  flame  would  develop.  The 
test  was  repeated  for  several  pressurizing  gases  (nitrogen, 
air,  oxygon)  and  for  ambient  pressure  parametrically  changed. 
Results  for  the  composite  propiel  lant  are  shown  in  Fig.  82 
(not  self-sustained  flame  means  that  a  visible  flame  v/ould 
develop  but  disappear  immediately  after  an  electrical  heat¬ 
ing  of  several  seconds  duration)  .  The  samples  'were  cylindric¬ 
al  pellets  of  8  imn  diameter  and  about  10  mm  thickness.  Tests 
with  noncatalyzed  DB  samples  of  16  mm  diameter  did  not  show 
any  appreciable  difference. 

Samples  wore  then  placed  at  the  same  location,  ignited 
by  an  electrically  heated  v.'ire  and,  once  steadily  burning, 
subjected  to  shock  waves  of  different  strenght.  The  overall 
experimental  apparatus  is  s):etched  in  Fig.  83.  The  light  e- 
mitted  by  the  burning  propellant  was  detected  by  means  of  a 
photodiode  directionally  selective  and  sensitive  in  the  visi¬ 
ble  and  near  infrared  (spectral  response  peak  at  0.8  jlm).  Sev¬ 
eral  tests  v;ith  different  propellants,  ignition  pressures, 
pressurizing  gases,  and  shock  speeds  failed  to  shov/  conclusi¬ 
ve  trends  as  to  the  dynamic  burning  rate  behavior  (as  reveal¬ 
ed  by  the  light  emission).  The  basic  difficulty  is  the  fast 
succession  of  shock  waves  and  expansion  fans  impinging  on  the 
surface  of  the  burning  propellant  during  the  same  test.  For 
example,  see  Figs,  50-51  of  Ref. 8a  lin  which  the  period  of 
the  pressure  pulse  is  about  10  ms).  In  this  series  of  tests, 
complete  extinguishment  of  the  propellant  v/as  never  achieved. 

In  order  to  overcome  the  problem  just  m.entioned,  the  shock 
tube  v,^as  slightly  modified  to  work  as  a  piston  tube.  At  pres¬ 
ent,  a  teflon  piston  v/cighting  150g  is  used  (Fig.  84)  .In  this  o- 
perating  configuration,  a  longer  period  (about  50  ms)  of  the 
pressure  pulses  can  be  obtained  and,  in  general,  a  better  con¬ 
trol  of  the  whole  experimental  apparatus  is  possible.  A  series 
of  experiments  was  performed  v/itli  the  piston  tube  in  order  to 
study  the  effects  of  compression  waves  on  a  burning  solid  pro¬ 
pellant.  Tests  were  conducted  with  two  different  propellants: 
an  AP-based  composite  and  a  noncatalyzed  double  base.  Samples 
of  propellant  were  located  on  the  end  wall  of  the  piston  tube 
and,  v/hile  steadily  burning,  were  subjected  to  the  effects  of 
compression  vmves.  The  tests  wore  carried  on  with  different 
initial  conditions,  clianging  the  initial  pressure  betv/een 
0,5  and  1  atmospliere  and  v/ith  three  different  test  gases  (ni- 


trogen,  air,  oxygen)  in  orcer  to  change  the  initial  concen¬ 
tration  of  oxygen. 

Preliminary  results  obtained  v/ith  a  noncatalyzed  DB 
were  shown  in  Figs.  52-55  of  Ref. 8^1,  in  those  runs  it  v/as 
observed  that  extinction  of  the  burning  sample  could  occur 
under  the  action  of  compression  wav^'es.  Further,  systematic 
experimental  analysis  was  then  performed  with  a  noncatalyzed  DB 
and  a  composite  propellant  (AP/PVC) ;  a  detailed  description  of 
experiments  and  results  vjas  reported  in  Ref.  16.  It  v/as  confirm¬ 
ed  that  burning  stability  of  solid  propellants  can  be  very  much 
influenced  by  rapid  pressure  variations,  especially  in  the  pres¬ 
ence  of  oxygen  in  the  surrounding  atmosphere.  A  permanent  ex¬ 
tinction  of  the  burning  propellant  was  observed  in  severa 1  cases . 

A  further  series  of  experiments  at  the  piston  tube  rig 
(Refs.  8b,  16)  was  perfornied  v/ith  the  aid  of  high  speed  cinema¬ 
tography. A  composite  propellant  (AP/PBHT )  v/as  tested.  A  sketch  of  the 
experimental  apparatus  is  shov/n  in  Fig.  85  .  Samples  of  pro¬ 
pellant  (16  mm  diameter)  were  located  on  the  end  wall  of  the 
piston  tube  and,  while  steadily  burning,  v/ere  subjected  to 
compression  waves.  The  initial  pressure  in  the  tost  section 
was  1  atm  and  the  initial  concentration  of  oxygen  v/as  changed, 
using  three  different  test  oases  (nitrogen,  air,  oxygen) .  The 
maximum  pressure  reached  in  the  test  v/as  of  the  order  of  130 
atm  and  the  duration  of  the  pressure  pulse  was  of  about  15  ms. 
During  each  run,  pressure  and  luminosity  were  measured  respec¬ 
tively  v.'ith  a  piezoelectric  pressure  transducer  (PCB-113  A) 
and  a  photodiode  (Hewlett-Packard  HP  5002-4205);  moreover,  in 
order  to  better  visualize  the  combustion  phenomena,  high  speed 
color  tnovies  v/ere  taken,  using  a  Hitachi  16  HD  camera  at 
speeds  ranging  from  3000  to  7000  pps. 

A  typical  series  of  photograms,  obtained  testing  in  air, 
is  reported  in  Fig.  86 ;  the  corresponding  pressure  and  lumi- 
nosity  traces  are  shown  in  Fig.  87.  The  photograms  show  a 
rapid  increase  of  burning  during  the  pressurization,  followed 
by  flame  detachment  and  extinction.  The  maximum  luminosity  is 
reached  v/hile  the  pressure  is  still  increasing.  A  similar  be¬ 
havior  was  observed  in  ail  the  runs,  also  v/ith  different  test 
gases.  Usually,  after  the  extinction,  the  propelltint  starts 
burning  again  under  the  effect  of  the  following  pressure 
pulses;  hov/Gver,  in  some  instances  (about  5%  of  the  tests)  the 
samples  of  extinguished  propellant  were  recovered  after  the 
run. 

Anothe-r  typical  feature  of  the  combustion,  observed  in 
the  tests,  is  a  very  sharp  decrease  of  flame  luminosity  oc- 
curing  during  the  pressurization;  this  is  reported  in  Fig. 88 
showing  tv/o  photograms  taken  at  an  interval  of  0.2  5  ms.  This 
effect  v/as  observed  in  all  the  tests. 


Both  the  photodiode  and  the  high  speed  camera  cannot 
show  clearly  what  is  going  on  near  the  surface  of  the  burn¬ 
ing  propellant,  because  they  sec  the  luminosity  emitted  by 
the  burning  gases  in  the  v;hole  volume  o^  the  test  chamber. 

In  order  to  detect  the  combustion  near  the  propellant  sur¬ 
face,  a  different  technique,  based  upon  the  measurement  of 
gas  ionization,  v/as  tried.  A  schematic  layout  of  the  erniX-Timen- 
tal  setup,  for  the  measurement  of  the  ionization  near  the 
pro^jellant  surface,  is  shov;n  in  Fig.  89  (the  propellant  'was 
placed  on  the  side  wall  for  assembling  convenience).  Two 
smaJl  coi^per  v/ires  of  0.2  mm  diameter  were  placed  through 
the  propellant  sample,  divided  by  a  gap  of  3  mm  and  protrud¬ 
ing  about  0.5  mm  from  the  surface.  The  variation  of  resistance 
thro\:gh  the  gap,  due  to  ionization,  v;as  measured  as  a  voltage 
and  recorded  during  tiic  tests.  A  typical  oscilloscope  trace 
corresponding  to  steady  burning,  is  shown  in  Fig.  90.  Results 
obtained  in  unsteady  conditions  with  the  piston  tube  arc  re¬ 
ported  in  Fig.  91  and  Fig.  92.  Fig.  91  shows  a  sharp  increase 
of  ionization  corresponding  to  the  first  pressure  step,  fol- 
lov;ed  by  a  rapid  fall  to  zero,  with  pressure  still  increas¬ 
ing;  tliis  seems  to  confirm  the  occurence  of  an  extinction  of 
the  flame  at  the  propellant  surface;  by  comparison  with  the 
luminosity  trace  shov/n  in  Fig.  87,  it  can  be  seen  that  the 
falling  to  zero  of  the  ionization,  corresponds  to  the  mini¬ 
mum  of  luminosity  dcdrected  by  tlie  pliotodiode .  Fig.  92  shows 
a  series  of  pressure  pulses  wit.h  successive  extinctions  and 
reignitions . 

Computer  simulated  runs  were  also  performed,  witiiin  the 
limitatiop.s  of  a  quasi-steady  flame  kinctically  non  modified 
by  the  pros.sure  pulses.  An  excimple  is  shown  in  Fig.  93. 
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Sec.  3.2  -  DEPRESS [}RI ZATTON  EXPERIMENTS 

Depressurization  runs  v/ere  realized  in  a  pressurizable 
combustion  chamber,  about  350  cm^  volume,  connected  to  the  am¬ 
bient  atmosphere  by  means  of  exhaust  valves.  A  first  series  of 
data  v/as  performed  v;ith  a  relatively  large  (12.7  mm  oriiice 
diameter)  valve  manually  operated.  A  second  scries  of  data  v/as 
performed  combining  several  solenoid  valves  (orifice  diameter 
ranging  from  1.2  to  4.0  mia)  simultaneously  operated.  The  third 
and  last  series  of  data  was  performed  v;ith  the  same  combina¬ 
tion  of  solenoid  valves,  but  in  addition  a  closed  loop  circuit 
was  implemented  to  keep  the  combustion  pressure  constant  prior 
to  the  ^^brupt  opening  of  the  solenoid  valves.  All  runs  vjere  re¬ 
alized  at  ambient  temperature  by  exnausting  to  atmospheric  pres 
sure.  Next  serie  of  depressurization  data  v;ill  be  collected 
with  the  final  pressure  parametrically  changed. 

The  combustioii  chamber  contains  the  ignition  system  (a 
nichrome  v/ire  of  O.S  iran  diamater)  ,  a  strand  fuse  V7i.re  system 
to  measure  the  steady  state  burning  rate  of  the  propellant 
prior  to  depressurization,  two  plexiglass  windov.'s  for  direct 
observation  of  the  relevant  phenomena.  The  propellant  samples 
are  cylinders,  about  6  x  50  mm,  cut  from  a  relatively  large- 
grain.  The  lateral  surface  is  inhibited  to  combustion  by  suc¬ 
cessive  coatings  of  teflon  spray,  dope,  and  teflon  spray.  Ex¬ 
tinguished  samples  shov/ed  a  very  flat  burning  surface.  All  runs 
were  performed  v/ith  an  AP/PVC  composition  burning  in  a  nitrogen 
atmospliere.  Details  about  the  experimental  apparatus  and  proce- 
dvxre  are  given  in  Ref.  5  (burning  rate  measurement  and  data  pro¬ 
cessing),  Ref.  14  (closed  loop  circuit  for  constant  combu¬ 
stion  pressure)  and  Ref. 15  (depressurization  combustion  cham¬ 
ber)  . 

After  pressurizing  tire  coiabustion  chamber  (up  to  about 
40  atm  in  the  results  to  be  presented  hero)  and  igniting  tlic 
l^ropellant  sampJe,  enough  time  is  allov/od  to  create  a  steady 
heterogeneous  deflagration  v/avc.  The  steady  state  burning  ra¬ 
te  is,  then,  mcasurcid  by  means  of  (typically)  throe  fuse  vnires. 
When  the  last  fuse  v/iro  i.s  burnt,  the  combustion  chamber  is  sud 
dcnly  exliausted  to  atmosi)heric  pressure.  The  pressure  drop  is 
of  exponential  nature  for  solenoid  valves,  more  rounded  for  ma¬ 
nual  valves  (see  Fig.  94).  'J'hc  overall,  qualitative  but  import¬ 
ant,  result  of  extinction  or  continued  burning  is  observed. 

Usually,  the  following  parameters  are  measured  and/or  re¬ 
corded  by  means  of  a  multichannel  (UV  sensitive  paper)  galvano- 
metric  recorder:  the  ignition  current  and  time;  the  flame  appea 
ranee  by  means  of  photodiode;  the  combustion  pressure  by  a  wa¬ 
ter  cooled,  piezoelectric  transducer;  the  initial  steady  state 
burning  rate  by  means  of  a  standard  fuse  wire  technique  and  u- 
sing  the  recorder  time  marker. 

Experimental  results  obtained  from  depressurization  tests 
of  AP/PVC  samples,  from  some  initial  pressure  to  atmopheric 
pressure,  are  summarized  in  Fig.  95.  Tliis  is  a  [dP  (t) /dtq^^^  vs 
plot,  as  already  done  by  several  investigators  in  the  past. 
However,  according  to  our  non  linear  burning  stability  theory, 
no  special  meaning  whatsoever  is  attached  to  the  maximum  depres 
surization rate.  The  fate  of  a  depressurization  test,  extinction 
vs  continued  burning,  rather  is  the  integrated  result  of  the 


80  -■ 


whole  history  of  the  burning  propellant  (initia]  conditions,  de- 
pi'essurization  lav/,  etc.).  The  critical  boundary,  as  defined  in 
Sec.  2.7,  is  a  local  property  of  the  burning  propellant;  but 
whether  it  v/ill  be  rcciched  or  not  depends  on  the  previous  hi¬ 
story  of  the  burning  propellant.  Obviously,  high  |dP  Tt) /d  t3,n,->x 
for  exponential  depressurization  implies  tliat  the  v/hole  transi¬ 
ent  is  faster  and  this  favors  dynamic  extinction.  Experimental¬ 
ly,  different  depressurization  transients  were  obtained  by  cliang 
ing  the  total  exhaust  orifice  area  (e.g.,  by  simultaneous  ooera- 
tion  of  more  or  less  solenoid  valves).  On  a  linear  [dP  ( t ) /d  hVaax 
vs  Pi  plot,  a  straight  boundary  is  found  to  separate  quite  neat¬ 
ly  the  extinxtion  from  the  continued  burning  region. 

h  summary  of  experimental  results  obtained  in  this  paper, 
by  -Morblo  (Ref.  29),  and  Von  Elbe  (Ref.  24)  in  shown  in  Fig.  96. 
Remark  th.at  the  maximum  depressurization  rate  occurs  at  mid  de¬ 
pressurization  for  manvui.l  valves  but  at  the  very  beginning  of 
the  depressurization  history  for  solenoid  valves.  Depressuriza¬ 
tion  rates  v/L'rc  measured  by  considering  the  time  required  for 
pressure  to  drop  from  (Py  -  1)  atm  (P^  +  1)  atm  for  manual  val¬ 
ves.  For  a  fair  comparison  one  should  consider  depressurization 
rates  about  3  times  iov;er.  Even  so,  the  two  plots  found  in  this 
work  do  not  correspond.  l.'ith  the  same  maximum  cieprossur ization 
rate,  the  depressurization  history  of  Fig.  94b  is  more  effective 
than  the  exponential  depressurization  of  Fig.  94a  in  extinguish¬ 
ing  the  sample.  This  spectrum  of  results  is  not  surprising  from 
tlie  point  of  view  of  our  th€;ory,  rather  is  welcome.  Indeed  this 
offers  another,  and  perhaps  more  reliable,  way  to  compare  close¬ 
ly  experimental  and  theoretical  results.  For  lack  of  time,  no 
detailed  results  of  this  comparison  v/ill  be  given  here. 

However,  remember  that  the  agrecmenc  botv/oen  analytical 
and  numeiical  results  v/as  already  successful.  The  numerical 
approach  is  able  to  reproduce;  depressurization  transients  for 
.sovora]  aspects  more  detailed  than  any  experimental  informa¬ 
tion.  The  qyalitativc  aspects  of  the  numerical  solutions  agree 
v/i  th  experimental  information.  Figures  such  as  Fig.  95  can  be 
constructed  numerically  as  well;  this  is  in  our  opinion  the 
first  and  perhe.ps  more  meaningful  task  of  any  close  comparison 
in  tills  area.  Iscmark  that  extinction  was  assumed  to  occur  in 
the  numerical  solutions  v/hen  unbounded  decrease  of  burning  rate 
toward  zero  v/a.s  observed;  this  in  turn  occurs  v/hen  the  analyti¬ 
cally  predicted  lower  dynamic  stability  boundary  is  crossed. 
Comparing  experimental  and  computed  boundaries  (between  extinc¬ 
tion  ana  continued  burning)  in  Fig.  95  shows  that  resistance  to 
dynamic  i-xtinction  is  larger  than  predicted.  Better  flame  mod¬ 
els  and/or  more  realistic  description  of  the  properties  shall 
be  implemented  in  order  to  attempt  to  bridge  the  gap. 

Obviously,  t!ie  most  wanted  piece  of  information  is  the  burn 
ing  rate  history  during  depressurization  transients.  Unfortuna¬ 
tely,  no  reliable  experimental  technique  is  available  yet.  An 
up-to-date  reviev/  oi  experimental  methods  measuring  transient 
coml/ustion  response  was  recently  offered  (Ref.  93)  ;  in  particu¬ 
lar,  a  microwave  phase  shift  technique  seems  to  be  promising 
(Ref.  94). 
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A  “  Airaionia  (NH.^) 

AFSC  -  Air  Force  System  Command 

AIAA  =•  American  Institute  ol  /Aeronautics  and  A.stronauti  cs 

AIME'J'A.  -  Associ^izionc  Italiana  di  Meccanica  Teorica  ed  App.li- 
cata 

AMS  -  Aerospace  and  Mechanical  Sciences  Department 
AP  -  Ammonium  Perchlorate  (NH^ClO^) 

ATI  -  Associazione  Termotecnica  Italiana 

BC  -  Boundary  Condition 

BCl  =  Boundary  Condition  at  x  -  0 

BC2  =  Boundary  Condition  at  x  = 

BRL  =  Ballistic  Research  Laboratory 
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Proprrties  of  solid  composite  propellant  AP/PBAA 
No.  941  used  as  datum  case  in  this  study.  Surface 
heat  release  positive  if  endothermic.  Optical  pro¬ 
perties  evaluated  at  10.6  urn.  Values  taken  from 
Refs.  29,  82,  86-87. 

Steady  surface  temperature  dependence  on  surface 
heat  release  in  the  pressure  range  10  to  60  atm. 

MTS  flame  with  Aj^j  =  0.338  and  =  2.350,  Cg/Cc=  1, 
e  =  0.  KTSS  nonlinear,  KTSS  linearized  and  LC  re¬ 
cover  the  experimental  curve. 

Surface  temperature  and  burning  rate  associated 
with  roots  A  and  B  in  the  pressure  range  10  to  60 
atm.  Root  A  (steady  reacting  solution)  is  indepen¬ 
dent  of  the  order  of  the  approximating  polynomial, 
while  root  B  (unsteady  reacting  solution)  does  de¬ 
pend.  Nonlinear  static  restoring  function  evaluated 
for  standard  conditions  (T^=300  K,  Qg  =-158.2 

cal/g,  adiabatic  burning)  and  e  =  0. 

Roots  associated  with  the  nonlinear  static  restoring 
function,  for  MTS  flame  with  n=3,  at  standard  condi¬ 
tions  (P=30  atm,  T3=300  K,  adiabatic  burning)  showing 
the  existence  of  three  static  regimes.  For  all  cases 
root  C,  corresponding  to  the  trivial  unreacting  solu¬ 
tions  Qg  =  0,  is  also  found  and  is  always  stable. 

^g/Cc  ~  1 »  e  =  0. 

Maximum  range  of  values  of  surface  heat  release,  for 
which  self-sustained  oscillating  combustion  may  oc¬ 
cur,  in  function  of  pressure.  Static  restoring  func¬ 
tion  evaluated  for  MTS  flame  with  n=3  at  standard 
conditions  (T^=300  K,  adiabatic  burning)  and  Ca/Cj.^1  , 
e  =  0. 

Static  stability  limits,  in  the  pressure  range  1 0  to 
60  atm  for  MTS  flame  at  standard  conditions  (Tg=300  K, 
Qs  j-gf  =-158.2  cal/g),  evaluated  directly  from  heat 
feedback  law.  Cg/C^  =  1,  e  =  0. 

Static  stability  limits,  in  the  pressure  range  10  to 
60  atm  for  MTS  flame  at-  standard  conditions (Tg=300  K, 
Qs  ref  =-158.2  cal/g),  evaluated  through  static  restor¬ 
ing  function  with  n=3.  Cg/C^  =  1,  e  =  0. 

Stabilizing  effect  of  large  radiant  flux 
and  destabilizing  effect  of  large  surface  heat  release 
or  ambient  temperature  on  stability  strength  of  steady 
reacting  solutions .Nonlinear  static  restoring  func¬ 
tion  evaluated  from  MTS  flame  with  n=3  at  standard 
conditions  (P=30  atm,  T  =300  K) ,  C  /C  =  1,  e  =  0. 
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Tab . 

Tab. 

Tab. 

Tab. 

Tab. 

Tab. 


8b  -  Compared  stabilizing  effect  of  large  pressure  on 
stability  strength  of  steady  reacting  solution 
according  to  Lyapunov.  Noniinear  static  restoring 
function  evaluated  for  MTS,  KTSS  nonlinear,  and 
KTSS  linearized  flames  with  n=3  at  standard  condi¬ 
tions  (Qs,ref  =~1^>8.2  cal/g,  Tg^=300  K,  adiabatic 
burning),  Cg/Co  =  1,  e  =  0. 

8c  -  Effect  of  the  approximating  polynomial  order  on 

stability  strength  of  steady  reacting  solution  ac¬ 
cording  to  Lyapunov.  Nonlinear  static  restoring 
function  evaluated  for  MTS  flame  at  standard  con¬ 
ditions  (Qg  j-gf  =-158.2  cal/g,  Tjj=300  K,  adiabatic 
burning)  =  1,  e  =  0. 

8d  -  Compared  effect  of  specific  heat  ratio  on  stability 
strength  of  steady  reacting  solution  according  to 
Lyapunov.  Nonlinear  static  restoring  function  eva¬ 
luated  for  MTS  and  KTSS  nonlinear  flames  at  standard 
conditions  (Qg  j-gf  =-158.2  cal/g,  T^=300  K,  adiabatic 

burning)  and  c  =  0.75. 

• 

9  -  Forcing  laws  used  for  computer  simulated  deradiation 
and  depressurization  transients. 


10  -  Computer  simulated  go/no-go  tests  showing  agreement 
with  the  predicted  lov/er  dynamic  stability  boundary. 
All  runs  performed  with  T^=300  K  and  Qg  =-158.2 
cal/g.  KTSS  linear,  KZ ,  and  LC  flame  mot^els  do  not 
include  extinction. 


11  -  Computer  simulated  transient  tests  showing  agreement 
with  bifurcation  diagram  predictions.  All  runs  per¬ 
formed  for  adiabatic  burning  and  T^=300  K. 


TABLE  1 


Properties  of  solid  composite  propellant  AP/PBAA 
No.  941  used  as  datum  case  in  this  study. 
Surface  heat  release  positive  if  endothermic. 
Optical  properties  evaluated  at  10.6  urn. 
Values  taken  from  Refs. 29,  82,  86-87. 


ASSUMED  OR  MEASWED  PROPERTIES 

AP  crystal  transition  heat,  Q^j- 
AP  vapori-zation  heat,  ^ 

AP  decanposition  heat,  Q^'p^ 

Binder  vaporization  heat,  Qy  Binder 
AP  weight  fraction,  p  ' 

Ballistic  burn  rate  exponent,  n 
Pyrolysis  law  pressure  power,  ng 
KTSS  pyrolysis  law  power,  w 
Surface  activation  temperature, 

Flame  activation  tenperature,  Ef/t,. 

KZ  flame  reaction  order,  3 
Condensed  density.  Pc 
Condensed  specific  heat,  Cq 
Condensed  tliermal  diffusivity,ac 
Gas  thermal  conductivity,  kg  _ 
Average  product  molecular  weight, 
Optical  surface  reflectivity,  r;^ 
Optical  volumetric  scattering,  s;^ 
Minimum  temperature  for  reactions, 
Matching  tenperature  for  pyrolysis, 

OOMPUTED  PROPERTIES 

Net  surface  heat  release,  Qs,ref 
Condensed  themal  conductivity,  kc 
MTS  chemical  time  constant,  Am 
f4rS  diffusion  time  constant,  Bm 

Adiabatic  flame  temperature,  T^(P) 

REFERENCE  PPOPERTIES 

Pressure,  Pref 

Tenperature,  Tref 

Burning  Rate,  ib  ref  =  (Pref) 

Surface  tenperature ,  Tg , ref  =  (Pref) 

Flame  tenperature,  Tf,ref  Tf  (Pref) 
Distance,  Xref  =  °'c/^-ref 
Time,  tref  "  °c/ ^^^ref 
Heat,  Qref  Cc(Ts,ref  “  Tref) 

Energy  flux,  =  Pc^c ^ref ^^s,ref  " 


2. 

000 

E+01 

cal/g 

5. 

260 

E+02 

Cul/'g 

-8. 

000 

E+02 

cal/g 

2. 

250 

E+02 

cal/g 

8. 

000 

E+01 

% 

4. 

600 

E-01 

0 

6. 

000 

8. 

081 

E+03 

K 

1. 

010 

E+04 

K 

1. 

7 

1. 

540 

g/cm^ 

3. 

300 

E-01 

ca]./g  K 

1. 

400 

E-03 

cm^/s 

1. 

000 

E-04 

cal/on  K  s 

2. 

600 

E+01 

g/mole 

3. 

800 

% 

0 

on") 

3. 

000 

E+02 

K 

4. 

050 

E+02 

K 

-1. 

582 

E+02 

cal/g 

7. 

115 

E-04 

cal/cm  K  s 

3. 

380 

E-01 

2. 

350 

^f,ref  -  {50/68).(P^^-P) 


6.800  E+01  atm 
3.000  E+02  K 
8.370  E-01  an/s 
1.000  E+03  K 
2.430  E+03  K 
1.673  E-03  on 
1.998  E-03  s 
2.310  E+02  cal/g 

•  2.978  E+02  cal/cm’  s 

ref 


Steatfy  surface  tetrperature  dependence  on  siarface  heat  release  in  the  pressure 
range  10  to  60  atm.  MTS  flame  ’/n.th  %  =  0.338  and  %  =  2.350;  CU/Cc  =1  ,e  =  0. 
KTSS  nonlinear,  KTSS  linearized,  and  LC  recover  the  experimental  curve. 
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Stabilizing  effect  of  large  radi^^nt  flux  and  destabilizing  effect 
of  large  surface  heat  rcle£ise  oi-  a:ibient  tcirjx^rature  on  stability 
strengtli  of  steady  reacting  solutions.  Nonlinear  static  restoring 
function  evaluated  from  MTS  flame  v;ith  iv=3  at  standard  conditions 
(1^30  atm,  T^=300  K) ,  Cg/C^='-1,  e  =  0. 


I^fCal/an^  s 

Q  ^,cal/g 

s,rei 

Ta,K 

(df/d0s)- 

s 

0 

-158.2 

300 

-3.53 

10 

-158.2 

300 

-3.89 

20 

-158.2 

300 

-4.03 

30 

-158.2 

300 

-4 . 27 

40 

-158.2 

300 

-4.50 

60 

-158.2 

300 

-5.18 

80 

-158.2 

300 

-6.01 

100 

-158.2 

300 

-7.05 

1  20 

-158.2 

300 

-8.29 

-10 

-158.2 

300 

-3.33 

-20 

-158.2 

300 

-3.14 

“30 

-158.2 

300 

-2.78 

-40 

-158.2 

300 

-2.33 

-50 

-158.2 

300 

-1  .85 

-60 

-158.2 

300 

-1 . 50 

-70 

-158.2 

300 

-1  .  35 

-80 

-158.2 

300 

-0.52 

0 

-110 

300 

-0.71 

0 

-120 

300 

-2.10 

0 

-130 

300 

-3.02 

0 

-135 

300 

-3.30 

0 

-140 

300 

-3.55 

0 

-145 

300 

-3.73 

0 

-150 

300 

-3.74 

0 

-155 

300 

-3.62 

0 

-160 

300 

-3.51 

0 

-165 

300 

-3.24 

0 

-170 

300 

-2.86 

0 

-180 

300 

-1.75 

0 

-190 

300 

-0.05 

0 

“200 

300 

+  2.41 

0 

-210 

300 

+  5.85 

0 

-220 

300 

+10.60 

0 

-230 

300 

+17.17 

0 

-240 

300 

26.23 

0 

-158.2 

250 

-3.84 

0 

-158.2 

200 

-3.57 

0 

-158.2 

350 

-3.38 

0 

-153.2 

400 

-2.73 

0 

-158.2 

500 

-1  .05 
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TABLE  8c 


Ccnpared  effect  of  the  approxiinating  polynonial  order  on  stability 
strengUi  of  steady  reacting  solution  according  to  Lyapunov.  ’Nonli¬ 
near  static  restoring  function  evaluated  for  MTS  flame  at  standard 
conditions  (Q  ,  ,--158.2  cal/g,T  =300  K, adiabatic  burning)  ,  C  /C  =  1,  c 

3  ^  ^  C 


■1 

P,atra  1 

n  =  2 

(df/des)3^ 
n  =  3 

n  =  4 

10 

+0.18 

-0.54 

-1.01 

20 

-1.06 

-2.10 

-2.76 

30  ! 

-2.29(0") 

-3.53 

-4.27 

_ u 

II 

li 

11 

II 

II 

O  II 

•sr  11 

II 
II 
II 
II 
II 
II 
_U 

-3.61 

-4.92 

-5.69 

TABLE  8d 


Coipared  effect  of  specific  heat  ratio  on  stability  strength  of  steady 
reacting  solution  according  to  Lyapunov.NonlincarstaL'ic  restoring  func¬ 
tion  evaluated  for  MTS  and  KTSS  nonlinear  flares  at  standard  conditions 
(Q^  =-158.2  cal/g,  T  =300  K,  adiabatic  buming)and  e=0.75. 


Pressure 

(df/dGs)3^s 

1 

P,  atm 

Plane  Model 

S 

II 

Cg/C^=  1.?4 

MTS 

-0.54 

-0.66 

-0.81 

10 

KTSS  ML 

-0.75 

-0.62 

-0.49 

MTS 

-2.10 

-2.48 

-2.88 

20 

KTSS  NL 

-2.29 

-2.26 

-2.22 

MTS 

-3.53 

-4.14 

-4.72 

30 

KTSS  NL 

-3.86 

-3.91 

-3.95 

MTS 

-4.92 

-5.49 

-6.26 

40 

KTSS  NL 

-5.40 

-5.51 

-5.61 

MTS 

-6.02 

-6.71 

-7.62 

50 

KTSS  NL 

-6.91 

-7.05 

-7.17 

MTS 

-7.27 

-7.99 

-8.44 

60 

KTSS  NL 

-8.37 

-8,54 

L 

-8.65 

TABLE 


TABLE  10 


Corputer  siniuJ^ited  go/no-go  tests  showing  agree jnont  with  the  predicted  lower 
dynamic  stability  boundary. Ail  runs  performed  v;i  di  Ta-dOOKand  Qs,ref  =  -158.2 
cal/g.  KI'SS  linear,  KZ,  and  LC  flame  models  do  not  include  extinction. 


final 

optical 

~  'n 

C 

pressure 

P,atm 

forcing  law 

absorption 

a.,cm“1 

rate 

coeff. 

flame 

nxodel 

_2 

C 

c 

m.mxrium 

surface  taTrj)erati.t'o 

X 

nurnericidly 

nredicted 

observed 

(n=3) 

10 

linear  deradiation 

CO 

100 

i4rs 

1.00 

0.627 

■  —  — ■ — 

0.618 

10 

bilinear  deradiation 

CO 

100/20 

Mrs 

1.00 

0.626 

0.613 

10 

parabolic  deradiation 

CO 

640 

MTS 

1.00 

0.625 

0.618 

10 

eixponential  deradiation 

<x> 

5 

MTS 

1.00 

0.627 

0.618 

10 

1 

exponential  deradiation 

oo 

10 

MTS 

1.00 

0.619 

0.618 

10 

exponential  deradiation 

2000 

10 

MTS 

1.00 

0.610 

0.618 

1 

10 

exponential  deradiation 

1000 

10 

MTS 

1.00 

0.618 

0.618 

10 

exponential  deradiation 

500 

10 

MTS 

1,00 

0.620 

o 

c^ 

CO 

j  10 

exponential  depressuriz. 

NAp‘' 

10 

MI'S 

1.00 

0.615 

0.618 

I  10 

exponential  depressuriz. 

NAp 

variable 

MTS 

1.00 

0.621 

0.618 

.  10 

j 

simultaneous  exponential 
depress,  and  deradiation 

OO 

10/10 

MTS 

1.00 

0.622 

» 

0.618 

1 

sequential  exponential 
depress,  and  deradiation 

00 

10/10 

MTS 

1.00 

0.624 

0.618 

20 

linear  deradiation 

00 

200 

MTS 

1.00 

0.655 

0.647 

20 

exponential  deradiation 

CO 

10 

MTS 

1.00 

0.649 

0,647  i 

20 

exponential  deradiation 

CO 

10 

KTSS 

nonl. 

1.00 

0.632 

0.610 

20 

linear  deradiation 

2000 

500 

MI’S 

1.00 

0.660 

0.647 

20 

linear  deradiation 

1000 

500 

MTS 

1.00 

0.690 

0.647 

30 

exponential  deradiation 

oo 

10 

MTS 

1.00 

0.685 

0,663  i 

40 

exponential  deraclLation 

oo 

10 

MI’S 

1.00 

0.706 

0.674 

10 

parcibolic  deradiation 

00 

200 

MTS 

1.12 

0.601 

0.611 

20 

parabolic  deradiation 

00 

200 

MTS 

1.12 

0.680 

0.638 

40 

linear  deradiation 

00 

1000 

MTS 

1.12 

0.679 

0.665 

10 

trapezoidal  radiation 

oo 

200 

MTS 

1.00 

0.619 

0.618 

10 

trapezoidal  radiation 

GO 

variable 

MTS 

1.00 

0.612 

0.618 

20 

trapezoidal  radiation 

00 

200 

MTS 

1.00 

0.638 

0.647 

(^)  N/^  stands  for  not  applicable 
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()«-)  values  taken  at  the  7th  cycle 

(1)  NAp  stands  for  not  applicable 
O)  NAv  stands  for  not  available 
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la  -  Schematic  diagram  of  the  physical  problem. 

1b  -  Schematic  diagram  of  energy  balance  at  burning  sur¬ 
face  : 

2a  -  Evaluating  the  gas  phase  constants  required  in  MTS 
flame  (composite  propellant  AP/HTPB) . 

2b  -  Evaluating  the  gas  phase  constants  required  in  MTS 
flame  (composite  propellant  AP/PBAA  No.  941). 

3  -  Effect  of  fitting  pressure  range  on  the  MTS  gas 

phase  constants. 

4  -  Steady  state  dependence  on  pressure  of  MTS  flame 

parameters . 

5  -  Steady  state  dependence  on  pressure  of  KTSS  nonli¬ 

near  flame  parameters. 

6  -  Diffusive,  kinetic,  and  total  heat  feedback  law  ac¬ 

cording  to  MTS  flame. 

7  -  Compared  heat  feedback  laws  according  to  linearized 

and  nonlinear  KTSS  flames. 

8  -  Compared  heat  feedback  laws  according  to  MTS  and  li¬ 

nearized  KTSS  (or  KZ  or  LC)  flames. 

9  -  Working  map  (bui'ning  rate  vs  heat  feedback)  accord¬ 

ing  to  MTS  flame. 

10  -  Effect  of  ambient  temperature  on  heat  feedback  ac¬ 

cording  to  MTS  flame. 

11  -  MTS  steady  burning  rate  affected  by  surface  heat  re¬ 

lease  (for  given  values  of  gas  phase  constants)  . 

12a-  Qualitative  sketch  of  the  nonlinear  static  restoring 
function,  for  different  pressure  values,  illustrat¬ 
ing  the  existence  of  three  equilibrium  configura¬ 
tions:  Ai  and  (for  the  reacting  mode),  C  (for  the 
unreacting  mode).  Roots  B^  are  statically  unstable. 

The  branching  value  Og  ,at  fixed  pressure,  can  be 
approached  only  by  increasing  heat  loss  from  the 
burning  propellant  or  decreasing  ambient  temperature. 

12b-  Qualitative  sketch  of  the  nonlinear  static  restoring 
function,  for  increasing  surface  heat  release,  illu¬ 
strating  the  appearance  of  a  second  pair  of  roots, 

D  and  E,  for  the  reacting  mode  (upper  dynamic  insta¬ 
bility)  .  Similar  effect  is  obtained  by  decreasing 
pressure. 

13  -  Stabilizing  effect  of  pressure  on  both  reacting  modes. 

MTS  flame,  n  =  3,  =  1. 

14  -  Stabilizing  effect  of  residual  radiant  flux  intensity 

on  lower  dynamic  stability  boundary.  MTS  flame,  n=3, 

Cg/c^  -  1  • 

15a-  Destabilizing  effect  of  large  surface  energy  release 
on  upper  dynamic  stability  boundary.  MTS  flame,  n=3. 
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Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 


15b-  Coalescence  of  A-D  roots  for  Qg  =-190  cal/g  at  30 
atm;  the  steady  reacting  mode  is  stationary  for 
jQs'<  190  cal/g  and  self-sustained  oscillating  for 

Qs  >  190  cal/g.  MTS  flame,  n  =  3,  C  /C„  =  1. 

'  '  y  ^ 

16  -  Coalescence  of  A-D  roots  for  Qg  =-170  cal/g  at  10 

atm.  MTS  flame,  n  =  3,  C^/C^  =  1. 

17  -  Coalescence  of  A-D  roots  for  P  =  6  atm  at  Qg  =-158.2 

cal/g.  MTS  flame,  n  =  3,  C^/C^  =  1. 

18  -  Negligible  influence  of  ambient  temperature  on  non¬ 

linear  static  restoring  function  (for  the  indicated 
range  of  values) .MTS  flame,  n  =  3,  =  1. 

19  -  Stabilizing  effect  of  pressure  on  both  reacting 

modes.  KTSS  nonlinear  flame,  n  =  3.  C/C  =  1. 

9  ^ 

20  -  Destabilizing  effect  of  large  surface  heat  release 

on  static  restoring  function.  KTSS  nonlinear  flame, 
n  =  3,  Cg/C^  =  1. 

21  -  KTSS  linearized  flame  (or  KZ  or  LC)  applying  for 

surface  temperatures  near  or  above  the  steady  react¬ 
ing  value.  C/C  =  1,  n  =  3. 

g  C 

22  -  Compared  static  restoring  functions  for  MTS,  KTSS 

nonlinear,  KTSS  linearized  (or  KZ  or  LC)  flames. 

V^=  =  1,  n  =  3. 

23  -  Effect  of  the  approximating  polynomial  order  on 

static  restoring  function  at  10  atm  of  pressure. 

MTS  flame,  C^/C^  =  1. 

24  -  Effect  of  the  approximating  polynomial  order  on  stat¬ 

ic  restoring  function  at  20  atm  of  pressure.  MTS 

flame,  C/C  =  1. 

9  ^ 

25  -  Effect  of  the  approximating  polynomial  order  on  stat¬ 

ic  restoring  function  at  30  atm  of  pressure.  MTS 

flame,  C  /C  =1. 

'  g  c 

26  -  Effect  of  the  approximating  polynomial  order  on  stat¬ 

ic  restoring  function  at  40  atm  of  pressure.  MTS 

flame,  C  /C  =  1. 

y  ^ 

27  -  Negiigible  effect  of  C^/C^  /  1  on  gas  phase  working 

map.  KTSS  nonlinear  flame,  Cg/C^  =  1.12  or  1. 

28  -  Important  effect  of  Cg/C^  /  1  on  static  restoring 

function  in  the  region  of  upper  burning  instability. 
MTS  flame,  n  =  3,  Cg/C^  =  1.12  or  1. 

29  -  Static  instability  of  burning  propellants  for  large 

surface  heat  release.  MTS  flame,  C^/C^  =  1. 

30  -  Approximate  construction  of  the  static  burning  (sta¬ 

bility)  boundary  and  its  meaning.  MTS  flame,C  /C  =1. 

31  -  Rigorous  construction  of  the  static  burning  (stabili¬ 

ty)  boundary  for  =-120  cal/g.  MTS  flame,  C^/C^  =  1. 


Fig.  32  -  Rigorous  construction  of  the  static  burning  (stabi¬ 
lity)  boundary  for  Q  =-158.2  cal/g.  MTS  fiame, 

Fig.  33  ~  Rigorous  construction  of  the  static  burning  (stabi¬ 
lity)  boundary  for  =-200  cal/g.  MTS  flume ,Cg/C^=1 . 

Fig.  34  -  Evaluating  the  static  burning  limit  through  the 

static  restoring  function  at  20  atm  of  pressure.  MTS 

flame,  n  =  3,  C/C  =  1. 

y  c 

Fig.  35  -  Evaluating  the  static  burning  limit  through  the  stat¬ 
ic  restoring  function  at  30  atm  of  pressure.  MTS 
flame,  n  =  3,  C/C  =  1. 

Fig.  36  -  Evaluating  the  static  burning  limit  through  the  stat¬ 
ic  restoring  function  at  40  atm  of  pressure.  MTS 

flame,  n  =  3,  C  /C  =1. 

g  c 

Fig.  37  -  Evaluating  the  static  burning  limit  through  the  stat¬ 
ic  restoring  function  at  50  atm  of  pressure.  MTS 
flame,  n  =  3,  C^/C^  =  1. 

Fig.  38a-  Representative  time  histories  of  burning  rate  during 
deradiation  showing  possible  occurrence  of  a  recovery 
point. 

Fig.  38b-  Corresponding  trajectories  in  burning  rate  vs  heat 
feedback  plane. 

Fig.  38c-  Nomenclature  used  for  deradiation  transients. 

Fig.  38d-  Nature  of  nonautonomous  function  for  monotonic  decay 
of  externally  controlled  parameters. 

Fig.  39  -  The  range  of  possible  unstable  equilibrium  points  in 
dynamic  burning  regime  is  limited  by  the  no-return 
point  Bf  (the  unstable  *  root  associated  to  the  static 
restoring  function  for  t>-«')  . 

Fig.  40  -  Static  burning  ‘and  dynamic  stability  boundaries  on  a 
burning  rate  vs  heat  feedback  plot.  MTS  flame,  n  =  3, 
-  1  . 

g  c 

Fig.  41  -  Bifurcation  diagram  at  1 0  atm  of  pressure.  MTS  flame, 
n  =  3,  Cg/C^  =  1. 

Fig.  42  -  Bifurcation  diagram  at  20  atm  of  pressure.  MTS  flame, 
n  -  3,  C^/C^  =  1. 

Fig.  43  -  Bifurcation  diagram  at  30  atm  of  pressure.  MTS  flame, 
n  =  3,  Cg/C^  =  1. 

Fig.  44  -  Bifurcation  diagram  at  40  atm  of  pressure.  MTS  flame, 
n  =  3,  Cg/C^  =  1. 

Fig.  45  -  Bifurcation  diagram  at  50  atm  of  pressure.  MTS  flame, 
n  =  3,  Cg/C^  =  1. 

Fig.  46  -  Bifurcation  diagram  at  60  atm  of  pressure.  MTS  flame, 
n  =  3,  Cg/C^  =1. 

Fig.  47  -  Bifurcation  diagram  at  30  atm  of  pressure.  MTS  flame, 
n  =  3,  Cg/C^  =  1.12. 
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Fig.  48  - 


Fig.  49  - 


Fig. 

50  - 

Fig. 

51a- 

Fig. 

51b- 

Fig. 

52  - 

Fig. 

53  - 

Fig. 

54  - 

Fig. 

55  - 

Fig. 

56  - 

Fig. 

57  - 

Fig. 

58  - 

Fig. 

59  - 

Fig. 

60  - 

Fig. 

61  - 

Surface  temperature  vs  pressure  plot  for  Qg  =-180 
cal/g  predicting  existence  of  stationary  reacting 
solution,  damped  oscillatory  burning,  self-sustain¬ 
ed  oscillatory  burning,  and  no  stationary  reacting 

solution.  MTS  flame,  n  =  3,  C  /C  =1. 

g  c 

Burning  rate  vs  pressure  plot  for  Q  =-158.2  cal/g 
predicting  static  burning  (MTS  flame)  and  dynamic 
stability  limits  (MTS  and  KTSS  nonlinear  flames, 
n  =  3) .  Stationary  reacting  solution  (experimental 
and  MTS  fitting  v;ith  =  0.338,  B(^^=  2.350),  damp¬ 
ed  oscillations  self-sustained  oscillations,  and 
pressure  deflagration  limit  are  shovm  too.  C^/C^=^  . 

Numerical  molecules  implemented  for  numerical  solu¬ 
tions  , 

Flow  chart  of  overall  computer  code. 

Flow  chart  of  subroutine  FLAME. 

Go/no-go  computed  exponential  deradiation  tests 
showing  occurrence  of  dynamic  extinction  (B  =  5)  at 
10  atm  of  pressure.  MTS  flame,  C^/C^  =  1. 

Go/no-go  computed  exponential  deradiation  tests  shov/ 
ing  occurrence  of  dynamic  extinction  (B^  =  10)  at  10 
atm  of  pressure.  MTS  flame,  C^/C^  =  1. 

Computed  dynamic  extinction  following  linear  deradia 
tion  at  10  atm  of  pressure  (opaque  condensed  phase). 
MTS  flame,  Cg/C^  =  1. 

Computed  dynamic  extinction  following  bilinear  dera 
diation  at  1 0  atm  of  pressure  (opaque  condensed 
phase).  MTS  flame,  C/C  =  1. 

Computed  dynamic  extinction  following  parabolic  dera 

diation  at  10  atm  of  pressure  (opaque  condensed 

phase).  MTS  flame,  C„/C  =  1. 

y  c 

Computed  dynamic  extinction  following  exponential  de 
radiation  at  10  atm  of  pressure  (opaque  condensed 
phase).  MTS  flame,  C  /C  =1. 

Computed  dynamic  extinction  following  exponential  de 
radiation  at  20  atm  of  pressure  (opaque  condensed 
phase).  MTS  flame,  C^/C^  =  1. 

Computed  dynamic  extinction  following  exponential  de 
radiation  at  30  atm  of  pressure  (opaque  condensed 
phase).  MTS  flame,  C^/C^  =  1. 

Computed  dynamic  extinction  following  exponential 
deradiation  at  40  atm  of  pressure  (opaque  condensed 
phase).  MTS  flame,  C^/C^  =  1. 

Computed  dynamic  extinction  following  exponential 
depressurization  from  a  param.etrically  changed  ini¬ 
tial  pressure.  MTS  flame,  C  /C  =  1. 

y  c 
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Fig.  62 

Fig.  63 

Fig,  64 

Fig.  65 

Fig.  66 
Fig.  67 

Fig.  68 

Fig.  69 

Fig.  70 

Fig.  71 
Fig.  72 

Fig.  73 

Fig.  74 

Fig.  75 


Computed  dynamic  extinction  foliov;irig  exponential 
depressurization  with  a  parametrically  changed  de¬ 
pressurization  rate.  MTS  fJanie,  C  /C  -  1. 

y  c 

Computed  dynamic  extinction  following  exponential 
deradiation  at  10  atm  of  pressure  (t-ansparont  con¬ 
densed  phase,  a=500  cm~1).  MTS  flam.e,  C^/C.,  =  1. 

Computed  dynamic  extinction  follov;ing  siniultaneous 
deradiation  (opacue  condensed  phase)  and  depressu¬ 
rization.  MTS  flame,  C  /C  =1. 

g  c 

Computed  dynamiic  extinction  follov;ing  consecutive 

deradiati.on  (opc'que  conciensed  phase)  and  riepressu- 

rization.  MTS  flame,  C  /C  =1. 

g  c 

Computed  dynamic  extinction  follov/ing  a  radiation 

pulse  (opaque  condensed  phase).  MTS  flame,  C  /C  =1. 

g  c 

Computed  pressurization  tests  shov/ing  no  oscillato¬ 
ry  burning  for  low  values  of  surface  heat  release. 

MTS  flame,  C  /C  =1. 

g  c 

Computed  pressurization  tests  showing  oscillatory 

burning  or  extinction  for  large  values  of  surface 

heat  release.  MTS  flame,  C  /C  =  1. 

y  c 

Computed  pressurization  tests  shov;ing  three  possi¬ 
ble  static  regimes  (stationary  after  damped  oscil¬ 
lations  for  Qg  =-180  cal/g,  self-sustained  oscil¬ 
lating  for  Qg  =-200  cal/g,  extinguished  for  Qg  =-220 
cal/gj .  MTS  flame,  C^/C^  =  1. 

Computed  pressvirization  tests  shov/ing  self-sustained 

oscillatory  burning  for  KTSS  nonlinear  flame  (Qg  = 

-180  cal/g).  C„/C^  =  1 . 

9  c 

Computed  frequency  and  amplitude  of  radiation  assist 

ed  self-sustained  oscillations.  MTS  flame,  C  /C  =  1 

g  c 

Computed  dynamic  extinction  follov/ing  parabolic  de¬ 
radiation  at  10  atm  of  pressure  (opaque  condensed 

phase).  MTS  flame,  C^/C  =  1.12, 

y  c 

Computed  pressurization  tests  showing  three  possi¬ 
ble  static  regimes  (stationary  after  damped  oscil¬ 
lations  for  Qs,ref  =“190  cal/g,  self-sustained  oscil 
dating  for  Qg  =-209  cal/g,  extinguished  for 

Qg,ref  ^-210  cal/g).  MTS  flame,  =  1.12. 

Computed  pressurization  test  showing  three  possi¬ 
ble  static  regimes  (stationary  after  damped  oscil¬ 
lations  for  ?£  =  8  atm,  self-sustained  oscillating 
for  Pf  =  3  atm,  extinguished  for  Pf  =  1.9  atm).  MTS 

flame ,  C  /C  =1,12. 
g  c 

Computed  radiative  ignition  tests  showing  dynamic  ex 

tinction  following  radiation  source  cut-off.  MTS 

flame ,  C  /C  =  1  . 
g  c 
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Fig. 

76  - 

Pig. 

77  - 

Pig. 

78  - 

Pig. 

79  - 

Pig. 

80  - 

Fig. 

81a~ 

81b- 

Fig. 

82  - 

Fig. 

83a- 

Fig. 

83b- 

Fig. 

84  - 

Fig. 

85  - 

Fig. 

86  - 

Fig. 

87  - 

Fig. 

88  - 

Fig. 

89  - 

Fi  g . 

90  - 

Fig. 

91  - 

Fig. 

92  - 

Fig. 

93  - 

Fig. 

94  - 

Computed  radiative  ignition  tests  showing  sharp 

burning  peak  associated  with  prolonged  heating  at 

low  radiant  flux  intensity.  MTS  flame,  C  /C  =  1. 

•  g  c 

Computed  radiative  ignition  tests  shov/ing  success¬ 
ful  ignition  for  surface  temperature  forced  close 
to,  but  less  than,  lower  dynamic  combustion  stabili¬ 
ty  limit.  MTS  flame,  C  /C  =1. 

g  c 

Computed  radiative  ignition  map  showing  importance 

of  dynamic  burning  at  low  pressure  and/or  large 

radiant  flux.  MTS  flame,  C' /C  =1. 

g  c 

Experimental  vs  computed  (MTS  flame,  Cg/C^  =  1)  ra¬ 
diative  ignition  map  shov/ing  agreement^in  the  tested 
range  of  operating  conditions. 

Computed  radiative  ignition  test  with  detailed  hi¬ 
story  of  relevant  variables.  MTS  flame,  C  /C  =  1. 

g  c 

Sketch  of  shock  tube  apparatus. 

Sketch  of  shock  tube  test  section. 

Static  pressure  deflagration  limits  of  the  tested 
composite  propellant  as  measured  in  the  shock  tube 
test  section. AP/PVC. 

Schematic  layout  of  overall  experimental  apparatus. 

Nomenclature  used  in  the  schematic  layout. 

Piston  used  in  the  shock  tube  apparatus. 

Sketch  of  the  experimental  apparatus  with  high  speed 
camera . 

Typical  series  of  photograms  of  AP  propellant  burning 
in  air.  AP/PBHT, 

Pressure  and  luminosity  traces  of  the  test  of  Fig. 86. 

Sharp  decrease  of  luminosity  during  depressurization 
of  AP  propellant  burning  in  air.  AP/PBHT. 

Experimental  set-up  for  ionization  measurement  at  the 
propellant  burning  surface. 

Oscilloscope  trace  of  ionization,  steady  burning  of 
AP  propellant.  AP/PBHT, 

Pressure  and  ionization  traces  during  unsteady  burn¬ 
ing  of  AP  propellant;  single  pressure  pulse.  AP/PBHT. 

Pressure  and  ionization  traces  during  unsteady  burn¬ 
ing  of  AP  propellant;  multiple  pressure  pulses  .AP/PBHT. 

Computed  response  of  burning  composite  propellant  to 

piston  tube  pressurization  (unreacting  atmosphere) . 

MTS  flame,  C/C  =  1.  AP/PVC. 
y  c 

Sketch  illustrating  experimental  pressure  decay  of 
depressurization  strand  burner  when  solenoid  val¬ 
ves  (top)  or  manual  valves  (bottom)  are  used. 
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Fig. 

Fig.- 


95  -  Computed  and  experimental  boundaries,  betv/een  ex¬ 

tinction  and  continued  burning,  vs  initial  pressure. 

96  -  Compared  experimental  boundaries,  between  extinction 

and  continued  burning,  vs  initial  pressure  obtained 
from  several  investigators. 
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NOMENCLATURE  FOR  FIG.  8j 

A  :  Diaphragm 
B  ;  Coils 

C  :  Pressure  transducers 

D  :  Driver  section 

E  :  Pick-up 

F  ;  Test  chamber 

G  :  Charge  amplifiers 

H  ;  Amplifier 

I  ;  Smith  trigger 

L  ;  Timer 

M  :  Multiplexer 

N  ;  Resistors 

0  :  Photodiodes 

p  :  Igniter 

Q  :  Oscilloscopes 


Fig.  65  sketch  of  the  experimental  apparatu 


Fig. 86  ^  (end) 


Upper  trace:  pressure, p  =  20  atm/div 
Lower  trace:  photodiode 
t  =  5  ms/div 
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Fig.  63  Experimental  setup  for  the  measu 
the  ionization  at  the  propellant 
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CHAPTER  4  -  LASER-OPTICAL  TKCFINIQUES 
Sec.  4.1  -  INTRODUCTION 

Several  nonperturbing  laser-based  optical  techniques 
were  developed  to  measure  the  condensed  phase  burning  rate, 
the  velocity  profiles  in  the  gaseous  region  near  the  combu¬ 
stion  surface, and  the  size  of  the  particles  carried  away  by 
the  gas  in  the  plume  of  the  burning  solid  propellant. 

The  Laser  Doppler  Velocimetry  (LDV)  was  chosen  to  m.ea- 
sure  the  velocity  profiles  in  the  gaseous  region  near  the 
burning  surface  of  a  solid  propellant.  The  main  reason  of 
this  choice  is  the  fact  that  the  usual  intrusive  measuring 
techniques  are  of  little  help  in  a  high  temperature  reactive 
medium  v/ith  large  thermal  gradients. 

Flow  visualization  techniques,  like  Schlieren  optical 
systems,  shadograph  and  Mach-Zender  interferometer  methods, 
give  an  integrated  picture  through  the  flow  region.  This 
makes  quantitative  analysis  of  results  extremely  difficult. 
Hot-wire  anemometers  and  Pitot  tubes  cannot  be  applied  to 
reactive  media. 

It  is  now  well  established  that  LDV  technique  has  import¬ 
ant  advantages  over  more  conventional  techniques  both  for  theo¬ 
retical  and  experimental  reasons.  These  fundamental  advantages 
are  indicated  by  the  enormous  research  effort  v/hich  has  gone 
into  their  development  over  the  last  decade  and  by  the  num¬ 
ber  of  commercial  systems  which  have  become  available.  The 
most  important  theoretical  results  required  for  relating  the 
system  outputs  to  the  fluid  flow  parameters  have  now  been  for¬ 
mulated  (Refs.  1,2  and  3). 

Despite  the  complexity  of  a  satisfactory  theoretical  mod¬ 
el  of  the  LDV,  the  output  from  this  instrument  is  linearly  re¬ 
lated  to  the  velocity  by  a  simple  formula  and  no  problem  is 
concerned  v/ith  calibration.  The  major  advantage  of  the  LDV  is 
the  high  spatial  and  temporal  resolution  associated  with  the 
fact  that  the  instrument  measures  the  component  of  velocity  in 
a  specified  direction.  Hence  this  technique  can  be  used  in  ve¬ 
ry  high  turbulence  flows  and  in  unsteady  situations. 

To  determine  the  solid  propellant  burning  rate  many  la¬ 
ser-based  optical  techniques  were  tested  in  steady  state  con¬ 
figurations  up  to  10  atm.  Results  showed  the  possibility  of 
accurate  measurements  of  the  instantaneous  solid  propellant 
burning  rate  vs  time,  but  some  residual  problems  are  to  be 
solved.  They  are  related  to  the  strong  background  light  emis¬ 
sion  of  some  propellants  and  the  requirement  that  the  burning 
surface  remains  flat  and  horizontal  during  the  measurement. 

Sec.  4.2  -  LASER  DOPPLER  VELOCIMETRY 

The  basic  principle  involved  in  Laser  Doppler  Velocime¬ 
try  is  the  Doppler  frequency  shift  of  a  monochromatic  and  co¬ 
herent  light  beam  scattered  by  micrometric  particles  suspend¬ 
ed  in  a  moving  medium. 


The  Doppler  frequency  shift  is  normally  resolved  by  he¬ 
terodyning  the  scattered  light  with  a  reference  beam  on  the 
surface  of  a  photodetector  (reference  beam  LDV) .  Alternati¬ 
vely,  scattered  waves  coming  from  two  incident  beams  can  be 
heterodyned  (differential  LDV)  .  The  resulting  lirght  intensi¬ 
ty  and,  hence,  the  photocurrent  will  be  modulated  at  the  Dop¬ 
pler  frequency  (Refs.  1-3): 

(4.2.1)  fj^  =  2U  sin  (  &/2^X 

where  U  is  the  particle  velocity  component  perpendicular  to 
the  bisector  of  the  illuminating  cross-beams;  K=2Tt/X  is  the 
V7ave  vector;  X  is  the  wavelength  of  the  laser  beam  and  3  is 
the  angle  between  the  two  croos-beams  (see  Fig.  4.1).  The 
crossing  region  of  the  two  illuminating  beams  defines  the 
geometrical  probe  volume  of  the  LDV  system  that  depends  on 
the  cross  angle  and  the  focal  length  of  the  focusing  lens. 

The  effective  measuring  volume  has  a  more  complicate  defini¬ 
tion,  depending  on  the  magnification  of  the  collection  op¬ 
tics,  its  angular  position,  y,  and  aperture, fi.  Amplification 
and  triggering  level  of  the  electronics  have  to  be  also 
considered. 

In  all  the  optical  configurations , two  laser  beams  are 
focused  onto  a  specified  point  in  the  flow  and  light  is  scat¬ 
tered  by  small  tracer  particles,  as  they  pass  across  this 
point. 

The  differential  LDV  mode  is  most  commonly  used  because 
of  its  higher  signal  to  noise  characteristics  at  moderate  par¬ 
ticle  concentrations.  Moreover,  this  type  of  LDV  system  is  the 
best  suited  for  individual  realization  velocimetry  and  paral¬ 
lel  particle  size  analysis.  It  is  not  difficult  to  realize 
the  situation  in  v/hich  the  Doppler  signal,  that  is  available 
for  processing,  is  produced  by  no  more  than  one  particle  in 
the  probe  volume  at  a  time.  In  fact,  it  is  possible  to  adjust 
the  ’  be  volume  dimensions,  both  in  diameter  and  in  length, 
by  selecting  the  proper  cross-beam  angle  and  the  magnifica¬ 
tion  of  the  light  collecting  system.  The  main  advantage  of 
the  differential  LDV  is  that  it  is  quite  simple  to  align  and 
is  not  sensitive  to  small  vibration.  Also,  the  Doppler  fre¬ 
quency  is  independent  of  the  detection  angle  and  a  large  col¬ 
lection  aperture  can  be  used  without  a  spread  of  Doppler  fre¬ 
quency. 

A  picture,  which  is  often  used  to  describe  this  system, 
is  the  so  called  "fringe  model"  that  involves  visualising  a 
set  of  interference  fringes  produced  by  tv/o  incident  laser 
beams  in  their  cross  region.  The  Doppler  signal  is  produced 
by  light  scattered  from  particles  crossing  the  intersection 
of  the  illuminating  beams  (probe  volume) ,  when  the  scatter¬ 
ed  light,  collected  through  a  receiving  lens,  reaches  a  photo¬ 
multiplier  (see  Fig.  4.1). 


Since  the  LDV  requires  the  presence  in  the  air  flow  of 
microscopic  particles,  this  complicates  the  use  of  the  tech¬ 
nique  considerably.  In  fact,  these  particles,  naturally  pre¬ 
sent  or  seeded  in  the  flow,  should  be  in  size  and  density  such 
as  to  follow  the  flow  field.  Thus, for  accurate  measurements  of 
turbulence  of  unsteady  flows,  some  check  of  particle  dynamics 
must  be  made.  The  capability  of  particles  to  follow  the  gas 
flow  can  be  roughly  estimated  from  the  Bassett's  general  e- 
quation  (Refs.  4  and  5).  On  the  assumption  that  the  particle 
density  Pp  is  larger  than  the  gas  density  Pg/  the  Bassett's 
equation  deduces  to 

(4.2.2) 


where 

(4.2.3) 

36  u 


d  U. 


dt 


—  (U^  -  U^) 

T  g  p 


(2  p  +  p  )  d^ 
T  =  *<? 


being  Up  and  Ug  the  particle  and  gas  velocities;  d  the  parti¬ 
cle  diameter  and  y,  the  gas  viscosity. 

The  parameter  t  has  the  meaning  of  a  relaxation  time  for  a 
particle  of  diameter  d  subjected  to  a  spatial  velocity  gra¬ 
dient.  The  evaluation  of  x  necessitates  the  knowledge  of  the 
particle  density  and  size  distribution. 

In  unsteady  flows  the  LDV  instrument  must  be  treated  as 
a  transducer  for  which  the  transfer  function  is  determined 
by  the  dynamics  of  tracer  particles.  This  is  a  disadvantage 
of  considerable  importance  in  air  flows  where  seeding  with 
particles  of  known  size  is  not  likely  to  be  feasible. 

The  performance  of  an  LDV  system  strongly  depends  not 
only  on  the  size  distribution,  but  also  on  the  concentration 
of  scattering  particles.  In  fact,  their  number  density  has  to 
be  high  enough  to  obtain  good  time  resolution  of  the  velocity 
measurement.  It  must  be  noted  that  the  time  resolution  of  LDV 
depends  on  the  particle  rate,  n,  across  the  measuring  volume, 
hence  on  the  particle  concentration,  N,  the  mean  particle  ve¬ 
locity  U  and  the  effective  probe  volume  cross  section,  S: 

(4.2.4)  n  =  a  N  U  S 


where  a  is  an  efficiency  factor  taking  into  account  amplifi¬ 
cation  and  triggering  level  of  the  electronics.  To  obtain  a 
quasi-continuos  velocity  information,  a  sufficiently  large 
number  of  scattering  particles  (^10®  m*^)  is  required. 

In  fact,  since  the  particles  arrive  randomly,  the  data 
obtained  are  randomly  collected,  with  an  approximately  Poisson 
distribution  of  time  instants.  Time  resolution  could  be  limit¬ 
ed  by  the  above  mentioned  characteristics,  but  it  can  be  good 
enough  if  particle  number  density  is  high. 


In  conclusion  size  distribution  and  concentration  of 
scattering  particles  are  two  important  factors  in  LDV,  ex- 
pecially  in  unsteady  flows.  For  better  time  resolution  and 
velocity  measurement  accuracy,  vte  need  that  particle  rate 
is  high  and  size  distribution  is  within  limited  bounds. 

Our  LDV  experiments  were  performed  by  using  as  scat¬ 
tering  centers  the  particles  present  in  the  plume  of  the 
burning  solid  propellant  sample.  No  external  seeding  was 
used  in  order  to  avoid  any  disturbance  of  the  combustion 
processes.  Preliminary  experiments  showed  that,  generally, 
sufficiently  high  particle  rates  are  found  in  the  region 
near  the  burning  surface. 

The  LDV  system  comprises  a  5  mW  He-Ne  laser  and  a  beam 
splitter  with  variable  beam  separation,  which  allows  contin¬ 
uous  variation  of  the  cross-beam  angle.  The  two  different  pa¬ 
rallel  laser  beams  were  directed  toward  the  lens  L-|  ,  in  such 
a  way  that  one  laser  beam  v/as  centered  on  the  lens  axis. 

This  beam  is  not  diverted  from  its  horizontal  direction, 
but  focused  on  the  focal  point  (on  the  axis  of  the  strand 
burner)  .  The  second  beam  is  impinging  on  the  lens  L-i  at  a 
distance  h  from  the  axis,  and  is  deflected  and  focused  in 
the  same  focal  point.  The  crossing  region  defines  the  probe 
volume  of  the  LDV  system  and  the  velocity  component  in  the 
vertical  direction  can  be  measured.  With  the  geometry  of 
Fig. 4.2  the  measured  velocity  component  is  not  exactly  the 
axial  one;  however  the  difference,  of  the  order  of  sin 
(0/2),  is  not  significant  for  small  0  . 

The  receiving  optics  of  the  LDV  system  comprises;  the 
lens  L2 »  fixed  on  the  burner  window,  that  collects  the  ra¬ 
diation  scattered  in  the  forward  direction;  the  lens  L3 
thac  is  movable  and  focuses  the  scattered  ligrit  on  a  0.3 
mm  pinhole  in  front  of  a  photomultiplier.  This  is  equip¬ 
ped  with  an  interferential  optical  filter,  centered  at 
632.8  ±1.0  nm  (the  laser  wave-length).  ,  in  order  to  reject 
flame  emission. 

The  photopultiplier  signal  is  processed  by  an  electro¬ 
nic  counter  processor  (DISA  mod.  55L90)  that  allows  working 
with  variable  particle  concentration  and  does  not  have  drop¬ 
out  problems.  Moreover,  it  has  a  large  dynamic  range  and  no 
slewrate  limitations;  it  accepts  individual  signals  and  de¬ 
termine  the  correct  Doppler  frequency,  hence,  the  particle 
velocity.  Proper  use  of  this  instrument  would  require  rejec¬ 
tion  of  multiple  particle  signals,  because  od  random  phase 
fluctuations  which  will  lead  to  incorrect  velocity  measure¬ 
ments  (Ref.  6).  This  requirement  can  be  generally  satisfied 
by  proper  reduction  of  the  probe  volume  dimensions. 


Sec.  4.3  -  PARTICLE  SIZING 

The  feasibility  of  "in  situ"  particle  sizing  in  hostile 
environments  by  non-intrusive  techniques  is  still  questiona¬ 
ble.  Recently,  Farmer  et  al.  (Ref.  7)  compared  a  new  particle 
sizing  interferometer  and  a  commercial  optical  counter  in  roc- 
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ket  exhaust, but  results  suggest  that  no  one  particle  size 
instrument  can  give  convincing  measurement. 

Attempts  to  solve  the  problem  of  the  determination  of 
particle  size  distribution  have  been  performed  by  using  many 
techniques,  but  their  use  in  hostile  environments  is  general¬ 
ly  difficult.  Measurement  of  the  light  scattered  by  droplets 
or  solid  particles,  using  a  laser  source,  can  be  used  for 
"in  situ"  particle  sizing.  The  angular  dissymmetry  of  the 
scattered  light  intensity,  the  dependence  of  the  scattered 
intensity  on  incident  light  polarization  and  the  light  ex¬ 
tinction  were  used  in  determining  small  carbon  particulate 
size  distribution  (Refs.  8  and  9). 

A  system  able  to  simultaneously  determine  the  size  and 
the  velocity  of  individual  fuel  droplets  is  of  considerable 
interest  in  combustion  and  thus  particular  attention  was  de¬ 
voted  by  many  research  v/orkers  to  the  analysis  of  the  scat¬ 
tering  phenomena  involved  in  the  LDV  system.  It  v;as  demon¬ 
strated  that  a  particle  crossing  the  intersection  of  two 
laser  beams  scatters  a  modulated  light  signal  containing 
many  informations:  a)  its  modulation  frequency  is  proportio¬ 
nal  to  the  particle  velocity;  b)  its  signal  amplitude  and 
the  A.C.  amplitude  divided  by  the  mean  amplitude  are  relat¬ 
ed  to  particle  diameter. 

A  forward  scattering  LDV  system  and  predictions  of  mean 
scattered  light  pov/er,  made  by  using  geometric  optics  theory, 
were  used  to  demonstrate  that  an  unambiguous  one-to-one  rela¬ 
tionship  can  be  obtained  between  signal  amplitude  and  particle 
diameter  for  non  absorbing  particles  in  the  diameter  range  30 
to  240  Wn  (Ref.  10).  The  main  disadvantage  of  this  method  is 
the  need  of  a  calibration  of  the  signal  amplitude  vs  particle 
diameter.  This  is  not  a  problem,  if  the  ratio  between  A.C.  and 
mean  aplitudes  is  considered.  This  ratio  is  called  visibility 


(4.3.1) 
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where  ,D ,  and  P  are  defined  in  Fig.  4.1 

The  first  derivation  of  the  visibility  function  was  made 
by  Farmer  (11)  under  the  assumption  of  paraxial  scattering. 
Robinson  and  Chu  (12)  used  scalar  diffraction  theory  to  deter¬ 
mine  the  forward  scattered  fields.  More  recently,  Bacholo  (13) 
extended  the  visibility  model  to  allow  off-axis  light  collec¬ 
tion  and  to  cover  a  wide  size  range  of  5  u"'  to  5  mm,  by  using 
geometric  optics  theory. 

A  more  rigorous  analysis  requires  the  use  of  the  Mie  theo¬ 
ry  for  scattering  by  spherical  particles  illuminated  by  two  co¬ 
herent  beams  (Refs.  14,15,16  and  17).  In  this  case  any  off-axis 
light  collection  direction  and  aperture  can  be  considered,  but 
Mie  formula  calculations  must  be  performed  by  large  computers 
which  are  capable  of  evaluating  the  lenghthy  series  of  Bes¬ 
sel  functions  and  Legendre  polynomials  involved. 

It  is  normally  accepted  (Refs.  14,15,16,17  and  18)  that 
the  single  particle  Doppler  signal  can  be  accurately  predicted 
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on  the  basis  of  the  Mie  scattering  theory.  The  general  expres¬ 
sion  of  the  Doppler  photocurrent,  produced  by  a  single  parti¬ 
cle  crossing  the  geometric  center  of  the  probe  volume,  is  gi¬ 
ven  by 


(4.3.2)  i(t) 


K 


|P(d,(p)  +  D(d,(p)  cos 


where  n  is  detector  sensitivity ,  tUj^=  2Tif£,,  and  the  two  inci¬ 
dent  beams  are  assumed  to  have  equal  intensities  101=  I02  “^0 
The  term  P  represents  the  "pedestal"  amplitude  of  the  current 
(Fig.  4.1)  while  D  represents  the  Doppler  amplitude  and  T  de¬ 
termines  the  phase  of  the  scattered  intensity.  P,  D,and'}’are 
integral  quantities,  integrated  over  the  collecting  solid  an¬ 
gle,  fi,of  the  receiving  optics.  They  depend  on  the  direction 
of  detection  {  5,  cp)  i.e.  the  axis  of  the  collecting  aperture, 
and  are  defined  in  terms  of  the  complex  amplitude  functions 
given  by  the  Mie  theory  (Refs,  19,20  and  21). 


The  quantities  P,  D  and  T  depend  only  on  the  scattering 
properties  and  size  of  the  particle  (for  a  fixed  LDV  geome¬ 
try)  ,  whereas  the  photocurrent  is  a  time-varying  function  of 
the  particle  position  in  the  probe  volume.  Indeed,  a  moving 
fringe  pattern  is  seen  by  the  detector  due  to  two  beam  inter¬ 
ference  and  particle  motion. 


The  fringe  contrast  or  visibility  is  defined  by  Eq. 
4.3.1  ;  the  exact  dependence  of  V  on  particle  diameter,  d, 
can  be  numerically  obtained  through  P  and  D  evaluated  by  a 
computer  code  (Ref.  17)  based  on  Mie  scattering  formula.  It  is 
possible  to  express  the  visibility  in  a  functional  form 


(4.3.3)  V  =  V(^,  m,  -i,  n,Y,g) 

where  d  is  the  diameter  of  the  scattering  particle,  m  is  the 
complex  refractive  index  of  the  particle, 3  is  the  cross-angle 
of  the  two  laser  beams,  \  is  the  laser  wavelenght,  y  and  g 
are  angles  defining  the  position  of  the  axis  of  the  collecting 
aperture,  Q  is  the  collecting  solid  angle  and  6  =^/(2  sin  (0/2)j. 

It  can  be  noted  that  visibility depends ,  among  the  other 
parameters,  on  the  diameter  of  scattering  particles.  The  prac¬ 
tical  application  of  the  method  for  particle  sizing  is  based 
on  the  hypothesis  that  in  the  range  of  interest  visibility  is 
sensitive  to  particle  diameter  and  an  unambiguous  one-to-one 
relation  V(d)  can  be  defined.  Because  of  the  large  number  of 
possible  arrangements  of  the  parameters  appearing  in  Eq.  4.3.3; 
it  is  quite  impossible  to  give  a  complete  representation  of  the 
visibility  behavior.  A  wide  theoretical  analysis  of  the  useful 
range  of  utilization  of  the  visibility  method  was  performed 
(Ref.  22)  and  it  was  found  that  in  forward  scatter,  with  small 
cross-beam  and  collecting  angles,  the  refractive  index  of  the 
particle  has  no  significant  influence  and  a  one-to-one  corre- 
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spondence  between  visibility  and  particle  diameter  can  be 
obtained  up  to  about  80  um. 

Some  experimental  results  reported  in  the  literature 
shov/ed  the  possibility  of  parallel  measurements  of  indivi¬ 
dual  particle  velocity  and  size  (Refs.  14,17,18,23,24  and 
25) .  Applicationsinclude  particle  size  measurements  from 
calibrated  monodisperse  aerosols,  polydisperse  fuel  sprays 
in  combustion  and  dusts  in  the  atmosphere. 

Since  the  first  work  of  Farmer  (Ref. 11)  the  particle 
sizing  technique  based  on  visibility  received  more  and  more 
attention  by  different  workers  and  many  comparative  tests 
were  performed  in  order  to  establish  the  correct  interpre¬ 
tation  model  of  experimental  data.  Nevertheless,  the  abso¬ 
lute  reliability  of  this  technique  is  not  yet  well  establi¬ 
shed.  The  major  problem  is  related  to  experimental  complex¬ 
ity  of  real  time  visibility  measurements,  but  some  theoreti¬ 
cal  uncertainty  still  remain.  The  problem  is  complicated  by 
the  absence  of  alternative  reliable  techniques  for  real  time 
in  situ  particle  sizing. 

At  the  CNPM  we  have  been  involved  in  preliminary  stu¬ 
dies  on  this  subject  and  it  was  demonstrated  (Ref.  23  and  24) 
that  the  visibility  technique  can  be  also  used  in  flames  of 
liquid  sprays  with  an  high  background  luminosity.  But  no 
comparative  confirmation  can  be  obtained  by  other  experimen¬ 
tal  procedures. 

A  knowledge  of  particle  size  distribution  will  be  of 
fundamental  importance  for  accurately  measuring  gas  phase 
flow  field  associated  with  a  burning  solid  rocket  propellant 
in  unsteady  conditions,  because  of  the  large  velocity  gradi¬ 
ents.  In  fact,  if  the  natural  particles  (carried  away  by  the 
gas  in  the  plume  of  the  burning  solid  propellant)  are  used  as 
scattercrs it  would  be  necessary  to  correlate  velocity  and 
size  of  each  particle,  before  validation  of  the  velocity  mea¬ 
surement,  in  order  to  be  sure  that  the  observed  particle  is 
adequately  following  the  gas  flow. 

Sec.  4.4  -  EXPERIMENTAL  APPARATUS 

A  steady  state  strand  burner,  with  two  symmetrical  and 
opposite  optical  windows,  was  specifically  designed  for  LDV 
experiments.  The  operating  pressure  range  is  1  to  10  atm. 

A  computerized  data  acquisition  and  processing  system  was  al¬ 
so  realized.  The  apparatus  has  been  applied  to  a  steadily 
burning  solid  propellant,  with  the  purpose  of  exploring  the 
possibility  of  future  applications  to  unsteady  situations. 
Several  tests  of  preliminary  nature  were  performed  using 
double-based (DB)  (both  catalyzed  and  noncatalyzed)  and  ammo¬ 
nium  perchlorate  (AP)  based  composite  solid  propellants.  The 
differential  mode  of  operation  was  used  for  the  LDV  instru¬ 
ment,  with  observation  in  the  forward  direction  (Fig. 4. 2). 


The  experimental  conditions  are  now  schematically  de¬ 
scribed.  Initially,  the  rod  of  solid  propellant,  centered 
on  the  axis  of  the  burner,  shuts  out  the  two  incident  laser 
beams.  When  the  rod  burns,  its  surface  goes  dov/n  and  at  the 
instant  to  the  horizontal  beam  is  allov;ed  to  pass.  After  a 
delay  At,  the  second  beam  is  also  passing  and  the  scattered 
light  with  Doppler  informations  is  received  by  the  photomul¬ 
tiplier.  A  triggering  signal,  coming  out  from  the  photodiode 
(P.D.)  intercepting  the  horizontal  beam,  precisely  difines 
the  instant  to-  From  this  the  instantaneous  axial  position 
of  the  LDV  probe  volume,  with  respect  to  the  burning  surface, 
can  be  inferred  by  comparison  of  the  time  delay  and  the  pro¬ 
pellant  burning  rate.  The  strand  burner  is  also  equipped  for 
simultaneous  measurements  of  the  propellant  burning  rate  and 
the  instantaneous  pressure  (Ref.  26)  . 

The  delay  At  can  be  related  to  a  dead  zone,  above  the 
burning  surface,  in  which  LDV  measurements  cannot  be  made, 
as  shown  in  Fig.  4. 3. The  dead  zone  thickness  h  depends  on  the 
cross-beams  angle  3  and  on  the  radius  r  of  the  solid  propel¬ 
lant  rod: 


(4.4.1)  hc:r*tg3 

For  example,  with  r=3  mm  and  3=4.7*’ it  will  result:  hiiO.25  mm, 
that  is  of  the  order  of  the  probe  volume  transverse  dimension 
(see  Table  4.1).  By  increasing  the  3  angle  the  probe  volume 
dimensions  are  reduced,  but  the  dead  zone  thckness  will  be 
larger. 

The  burning  rate  of  the  solid  propellant  was  initially 
measured  by  standard  techniques  (Ref.  26) .  Later  on,  a  new 
technique  was  developed  on  the  non  perturbing  laser  system 
shown  in  Fig. 4.4.  The  beam  of  a  5  mW,  He-Ne  laser  was  enlarg¬ 
ed  by  a  beam  expander,  passed  through  a  variable  diaphragm 
and  directed  on  the  sample  of  the  solid  propellants.  The  beam 
radius  was  chosen  less  than  the  solid  propellant  radius,  there¬ 
fore  the  whole  beam  is  initially  stopped.  When  the  burning  sur¬ 
face  goes  down,  an  increasing  portion  of  the  laser  beam  is 
transmitted  and  then  collected  on  a  photodiode  by  means  of  a 
focusing  lens.  A  Centronic  Quadrant  Detector  was  used,  since 
this  kind  of  photodiode  allows  a  linear  relationship  between 
the  voltage  output  and  the  displacement  of  the  burning  surface. 
A  calibration  curve  referring  to  an  illuminating  beam  diameter 
of  3.5  mm  is  shown  in  Fig.  4.5.  The  ordinate  is  the  photodiode 
voltage  output  and  the  abscissa  is  the  solid  sample  displace¬ 
ment  referred  to  an  arbitrary  position.  The  curve  was  obtained 
by  means  of  a  non  burning  sample  of  propellant  displaced  by  a 
micrometer  screw  in  steps  of  0.2  mm.  Obviously,  accurate  mea¬ 
surements  of  the  solid  propellant  burning  rate  require  that 
the  burning  surface  remains  flat  and  horizontal.  The  advantage 
of  this  technique  is  its  non  perturbing  character  and  contin¬ 
uous  output  over  the  fixed  spatial  range.  For  example,  it 
points  out  any  change  of  the  burning  rate  during  the  LDV  measu¬ 
rements. 
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With  propellants  characterized  by  a  strong  light  emis¬ 
sion  an  interferential  optical  filter  was  used  in  front  of 
the  photodiode,  but  v/hen  testing  AP  propellants  it  was  ne¬ 
cessary  to  account  for  the  radiation  emitted  by  the  burning 
propellant  also  into  the  bandpass  of  the  optical  filter. 
Therefore,  a  rotating  shutter  (chopper)  was  inserted  into 
the  incident  laser  beam  (see  Fig.  4.4).  In  conjunction  with 
a  look-in  amplifier,  it  allowed  the  synchronous  subtraction 
of  the  background  radiation  and  permitted  accurate  measure¬ 
ments  . 


Sec.  4.5  -  EXPERIMENTAL  RESULTS 

Many  tests  were  made  with  the  experimental  conditions 
summarized  in  Table  4.1.  If  the  pass-band  filtered  Doppler 
signal,  relative  to  a  single  scattering  particle,  satisfies 
a  number  of  validation  conditions,  in  terms  of  amplitude 
level  and  signal  to  noise  ratio,  the  counter  processor  mea¬ 
sures  the  Doppler  frequency  by  means  of  a  zero  crossing 
method. 

Four  modes  of  operation  of  the  counter  can  be  selected. 
In  this  case,  with  a  relatively  poor  signal  to  noise  ratio, 
the  best  suited  mode  is  characterized  by  a  2-level  valida¬ 
tion  and  5/8  comparison.  When  the  Doppler  burst  exceeds  a 
pre-set  threshold  level,  the  counter  proceeds  to  measure 
first  5  and  then  8  cycles  of  the  burst  and  compares  the  re¬ 
sults.  If  these  differ  by  less  than  a  preset  amount,  the 
second  count  is  validated  and  transferred  to  a  buffer  in¬ 
terface  (DISA,  mod.  57G20) .  This  was  required  in  order  to 
transmit  correctly  data  to  the  computer.  Because  the  data 
are  coming  randomly  from  the  LDV  system  and  very  short  in¬ 
tervals  may  occur  betv/een  samples,  which  exceeds  the  data 
transfer  capabilities  of  the  syncroneous  transfer  of  data 
to  the  computer,  a  buffer  memory  is  an  integral  part  of 
the  interface.  The  DISA  buffer  interface  can  be  used  as  a 
transient  recorder.  After  storage  in  the  buffer,  the  data 
in  digital  form  can  be  read  out  via  the  parallel  interface 
under  control  of  the  computer. 

The  DISA  counter  delivers  three  words  of  data; 

a)  the  Doppler  frequency; 

b)  the  time  interval  between  successive  samples; 

c)  the  number  of  fringes  traversed  by  the  scattering  particles 

All  this  information  is  of  great  importance  in  the 
further  processing,  if  data  have  to  be  corrected  for  velo¬ 
city  bias  errors  (Ref.  6)  and  the  timing  of  input  data 
must  be  reconstructed. 

The  data  acquisition  and  processing  system  was  based 
on  a  DIGITAL  PDF  11/03  minicomputer,  equipped  with  32 
K-words  of  memory,  a  dual  floppy  disc  unit,  a  teletype,  a 
parallel  interface  board,  and  a  12  bit  A/D  converter  with  a 
multiplexer  that  can  accomodate  up  to  16  single-ended  inputs 
and  a  programmable  real  time  clock. 


A  special  software  was  used,  intended  for  transfer 
of  data  from  the  buffer  interface  to  the  computer  and  a 
correct  interpretation  of  results  for  use  in  a  high  level 
language.  A  large  group  ©f  Fortran*  programs  were  than  used 
for  statical  reduction  of  results  and  graphical  representa¬ 
tion. 

LDV  experiments  were  preliminarly  performed  by  using 
as  scattering  centers  the  particles  present  in  the  plume 
of  the  burning  solid  propellant.  These  experiments  showed 
that,  in  general,  sufficiently  high  particle  rates  are 
found  in  the  region  near  the  burning  surface. 

During  preliminary  experiments,  the  velocity  time 
history  was  monitored  by  a  storage  oscilloscope,  after  D/A 
conversion  of  the  output  of  the  Doppler  counter  processor. 
Fig.  4.6  shows  a  typical  oscilloscope  record  in  which  each 
point  corresponds  to  a  single  particle  velocity  measurements 
Oscilloscope  record  is  triggered  by  the  photodiode  signal 
(upper  trace)  and  the  time  span  corresponds  to  a  displace¬ 
ment  of  less  than  0.5  mm  above  the  burning  surface.  The  pro¬ 
pellant  j.s  a  noncatalyzed  Double  Base  (DB)  burning  at  a  pres¬ 
sure  of  5  atm. 

In  Fig.  4.7  is  shown  the  velocity  trace  of  a  sample  of 
the  same  propellant  (lower  trace) ,  but  the  record  is  cover¬ 
ing  a  larger  time  interval.  The  upper  trace,  in  this  case, 
refers  to  the  pressure,  measured  by  means  of  a  Kistler 
quartz  transducer  mod.  412,  equipped  v/ith  a  Kisf’er  Charge 
Amplifier  mod.  5001.  The  pressure  scale  is  1  atm/div.  It  can 
o  noted  a  slight  time  variation  of  the  pressure  from  the  i- 
nitial  value  of  4  atm  to  a  final  value  of  4.8  atm.  At  this 
o'lint  the  velocity  trace  indicates  the  end  of  the  burning 
rod  of  propellant. 

Fig.  4.8  refers  to  a  test  with  an  AP  based  composite 
;.;opellant  at  a  nearly  constant  pressure  of  7.5  atm. 

It  can  be  noted  that  large  variations  with  sharp  gradi- 
■  riis  characterize  the  velocity  of  the  DB  propellant  in  con- 
•u:.ction  with  irregular  fluctuations  in  the  particle  rate 
i,e,  the  number  of  points/div.  in  velocity  traces).  At  ex- 
•'tly  the  same  experimental  conditions,  higher  particle 
Mtes  and  more  regular  velocity  traces  were  found  wit)i  the 
iP  propellant. 

To  quantify  velocity  results,  data  reduction  was  per- 
iormod  by  the  minicomputer  and  the  data  acquisition  proce- 
•iure  was  activated  by  a  triggering  pulse  derived  by  the  pho- 
'  'liodc  signal.  Once  the  velocity  data  relative  to  one  test 
'.lb'  ut  500  velocity  measurements)  have  been  acquired  into 
'■Tp  outer  memory,  they  were  processed  to  obtain  the  mean  and 
• h*"  r.m.s.  values.  It  should  be  remembered  that  we  were  in- 
••  rested  in  comparing  gas  phase  velocity  and  condensed  phase 
r  .rr. iny  rate  in  steady  state  situation. 
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The  condensed  phase  burning  rate  was  measured  by  stan¬ 
dard  techniques  but  also  by  the  optical  method  previously 
described. 

Fig.  4.9  shows  an  example  of  the  photodiode  voltage  out¬ 
put  (trace  1 )  that  can  be  related  to  the  relative  displace¬ 
ment  of  the  burning  surface  of  the  solid  propellant  by  means 
of  the  calibration  curve  of  Fig.  4.5.  In  Fig.  4.9  the  ab¬ 
scissa  is  the  time  and  the  mean  burning  rate  can  be  easily 
deduced.  All  test  runs  were  performed  with  an  automatic  con¬ 
trol  system  able  to  keep  constant  the  pressure  in  the  strand 
burner  within  some  percent.  Trace  2  in  Fig.  4.9  is  the  out¬ 
put  of  the  pressure  transducer.  Fig.  4.9  refers  to  a  test  in 
which  the  rotating  shutter  was  not  used. 

Accurate  measurements  of  the  solid  propellant  burning 
rate  were  obtained  if  the  burning  surface  remains  flat  and 
horizontal.  To  verify  this  condition,  that  is  also  important 
in  LDV  measurer  nts,  the  strand  burner  was  equipped  with  a- 
nother  window  to  allow  high  speed  cinematography.  The  camera 
(Hitachi  16  HD)  is  sv/itched  on  manually,  but  the  trigger 
pulse  coming  from  the  photodiode  activates  an  event-marker 
and  a  time  mark-generator  on  the  film. 

Fig.  4.10  shows  some  frames  from  one  film  at  100  fr/s. 

It  can  be  easily  observed  the  crossing  point  of  the  two  la¬ 
ser  beams  of  the  LDV  system  and  the  burning  surface  displa¬ 
cement. 

In  all  runs  the  mean  gas  phase  velocity  was  compared 
v/ith  the  corresponding  condensed  phase  burning  rate  measured 
by  standard  fuse  wire  techniques  or  optical  methods.  Results 
agree  satisfactorily  on  the  basis  of  a  steady  state  mass  ba¬ 
lance  : 

(4.5.1)  U  =  Hi/p„  =  R  pyp„ 

y  ^  y 

being  p^,  a£d  pg  the  condensed  phase  and  the  gas  phase  densi¬ 
ties,  and  R  the  condensed  phase  burning  rate.  Typical  results 
are  summarized  in  Table  4.2,  in  which  mean  values  of  the 
measured  quantities  ^  and  U  are  reported.  For  comparison, 
values  of  U  evaluated  from  the  measured  burning  rates  are  al¬ 
so  reported.  It  must  be  noted  that  in  all  runs  a  large  gas 
velocity  dispersion  (up  to  20%)  was  observed  around  the  mean 
value.  This  is  difficult  to  explain  on  the  basis  of  fluidy- 
namics  considerations,  but  could  be  due  to  a  polydisperse 
particle  size  distribution  and  the  consequent  difficulty  for 
larger  particles  or  agglomerates  to  follow  accurately  the  gas 
flow.  Another  critical  parameter  in  the  use  of  the  above  e- 
quation  is  the  gas  temperature;  this  was  not  directly  measur¬ 
ed,  but  only  estimated  from  available  data  (Ref.  27) . 


So  far,  only  tests  in  a  steady  state  situation  at 
pressure  up  to  10  atm  were  performed,  but  data  collected 
suggest  the  possibility  of  reasonable  measurements  of 
gas  phase  velocity  also  in  unsteady  conditions.  This  is 
"■'demonstrated  in  Figs.  4.11  alid  4.12  in  which  the  velocity 
profile  near  the  burning  surface  is  well  resolved.  In  ab¬ 
scissa  there  is  time  which  is  proportional  to  the  surface 
displacement.  Mean  velocity  values  v/ere  evaluated  over 
about  50  samples  and  a  time  window  of  .25  s.  The  error 
bar  is  defined  by  +  s ,  the  standard  deviation.  Because 
the  burning  rate  was  about  3  mm/s,  the  1  s  time  interval 
corresponds  to  a  4  mm  displacement  over  the  burning  sur¬ 
face.  The  propellant  is  a  noncatalyzed  Double  Base  (DB) 
burning  at  a  pressure  of  4  and  7  ata.  It  is  clearly  ob¬ 
served  the  velocity  increase  near  the  burning  surface  up 
to  a  steady  state  situation. 


Sec.  4.6  -  CONCLUSIONS 

Data  collected  up  to  now  suggest  the  possibility  of 
LDV  measurements  in  the  gaseous  region  above  the  burning 
surface  of  a  solid  propellant.  So  far,  only  tests  in  a 
steady  state  situation  at  pressure  up  to  10  atm  were  per¬ 
formed,  but  experimental  work  is  in  further  progress. 

Some  aspects  of  LDV  results  arc  not  completely  under¬ 
stood  right  now.  The  velocity  measurements  seem  to  show 
more  complicated  profiles  than  expected.  In  fact,  compari¬ 
son  with  shadograph  movies  (4000  fr/s)  at  similar  test  con¬ 
ditions  suggests  a  quasi-monodimensional  laminar  gas  flow, 
unless  of  turbulence  time  scale  well  above  the  movie  speed. 
The  discrepancy  with  the  presumed  steady  state  laminar 
flame  conditions  is  likely  due  to  the  polydisperse  particle 
size  distribution  and  the  consequent  difficulty  for  larger 
particles  or  agglomerates  to  follow  accurately  the  gas  flow. 

To  overcome  these  difficulties,  special  propellants 
will  be  tested,  seeded  with  monodisperse  alumina  particle 
and  with  assigned  particle  concentration.  Moreover,  some 
modifications  of  the  strand  burner,  by  inserting  new  larger 
windows,  will  allow  a  better  optical  access  for  shadograph 
movies . 

To  improve  the  LDV  instrumentation,  the  optics  will 
be  implemented  by  an  higher  power  laser  and  a  rotable  beam 
splitter  unit  that  would  allow  to  measure  other  velocity 
components  beside  the  axial. 

The  possibility  of  reasonable  measurements  of  gas 
phase  velocity  and  burning  rate  by  laser  techniques  has 
been  clearly  demonstrated  in  steady-state  conditions.  LDV 
measurements  can  be  extended  also  to  unsteady  conditions 
and  this  is  a  very  important  result  because  the  LDV  is  the 
only  technique  capable  of  space  and  time  resolved  measure¬ 
ments  in  such  hostile  environmental. 
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laical  optical  features  of  the  LE5V  experimental  set-up  used  in  this  vrork 


Laser  wavelength^  ^ 

Cross-angle,  p 

Fringe  spacing  =  X/(2  sin( p/2)) 
Probe  volume  dimensions 
Fringe  niomber  (effective) 
Collecting  solid  angle, -H- 
Dead  zone  thickness  (h  =  r  tqQ) 


632.8  nm 

4.70° 

7.7 

3  X  0.15  X  0.15  mm^ 
20 

4°  -  6° 


0.25  nun  (r  «  3inm) 
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CHAPTER  5  -  CONCLUSIONS  AND  FUTURE  WORK 


Sec.  5.1  -  CONCLUSIONS 

A  nonlinear  stability  analysis  of  solid  propellant  burn¬ 
ing  was  carried  out,  within  the  framework,  of  a  thermal  theory 
and  for  quasi-steady  gas  phase,  allowing  for  finite  size  di¬ 
sturbances.  This  required  an  integral  method  in  reducing  the 
partial  differential  equation  for  the  condensed  phase  heat 
transfer  to  an  approximate  ordinary  differential  equation.  It 
is  shown  that  a  nonlinear  algebraic  function,  called  restoring 
function,  can  be  defined  that  contains  all  basic  properties  of 
equilibrium  and  stability  of  burning  solid  propellants.  This 
function  does  not  depend  on  time,  but  only  on  the  nature  of 
the  solid  propellant  (including  its  flame)  and  the  operating 
conditions  (pressure,  ambient  temperature,  and  energy  exchange 
with  surrounding) .  Analysis  of  the  nonlinear  algebraic  restor¬ 
ing  function  reveals  that  two  well  defined  burning  regimes  ex¬ 
ist,  each  limited  by  stability  boundaries:  the  static  and  the 
dynamic  regimes.  Of  these  two,  the  region  of  dynamic  burning 
is  wider,  in  that  under  dynamic  conditions  propellant  may 
pass  through  a  region  which  is  statically  forbidden  but  dyna¬ 
mically  stable. 

The  static  regime  can  be  observed  experimentally  and 
therefore  can  be  studied  also  in  the  framework  of  Zeldovich 
approach.  The  statically  stable  steady  solution  is  either 
stationary  or  self-sustained  oscillating.  The  static  burning 
boundary  is  defined  as  that  ultimate  burning  condition,  at 
constant  pressure  and  for  a  given  set  of  operating  conditions, 
below  which  steady  solutions  are  no  longer  found.  Pressure  de¬ 
flagration  limit  is  defined  as  that  minimum  pressure,  for  a 
given  set  of  operating  conditions,  below  which  steady  solu¬ 
tions  are  no  longer  statically  stable.  Methods  are  suggested 
as  to  the  prediction  of  both  static  boundaries. 

The  dynamic  regime  cannot  be  observed  experimentally  in  a 
stationary  mode  and  can  only  be  studied  in  the  framework  of  a 
flame  model.  In  general,  a  lower  (burning  rate  below  the  stea¬ 
dy  value)  dynamic  stability  boundary  is  always  found,  except 
for  large  enough  ambient  temperature  and/or  (external)  radiant 
flux.  Moreover,  for  each  propellant  an  appropriate  combination 
of  pressure  and  surface  heat  release  exists  for  which  lower 
and  upper  (burning  rate  above  the  steady  value)  dynamic  stabi¬ 
lity  boundaries  are  found.  The  lower  dynamic  stability  bounda¬ 
ry  is  defined  as  that  ultimate  burning  condition  beyond  which 
extinction  necessarily  follows  during  a  burning  transient .The 
upper  dynamic  stability  boundary  implies  vigorous  accelera¬ 
tions  of  the  combustion  wave,  possibly  followed  by  dynamic  ex¬ 
tinction. 

It  is  shown  that  the  lower  dynamic  stability  boundary 
holds  true  both  for  deradiation  and/or  depressurization,  for 
opaque  as  well  as  transparent  condensed  phase,  for  fast  dece¬ 
leration  of  the  combustion  wave  (e.g.,  by  depressurization) 
as  well  as  for  fast  acceleration  (e.g.,  by  pressurization)  if 
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an  excessively  large  burning  rate  overshoot  is  attained.  The 
lower  dynamic  stability  boundary  was  determined  as  an  asymp¬ 
totic  (in  time)  boundary  for  arbitrary  but  levelling  off  ex¬ 
ternal  controlling  parameters  and  instantaneous  boundary  for 
monotonically  decreasing  external  controlling  parameters.  If 
no  change  in  time  of  the  external  controlling  parameters  oc¬ 
curs,  the  propellant  is  only  subjected  to  random  intrinsic 
disturbances  and  the  static  stability  analysis  apply.  If  the 
effect  of  the  time  change  of  the  external  controlling  para¬ 
meters  (nonautonomous  function)  is  negligible  compared  to 
the  restoring  function,  the  lower  dynamic  stability  boundary 
collapses  to  the  range  of  influence  of  the  statically  stable 
equilibrium  configuration  and  therefore  holds  true  for.  any 
time  (even  finite)  and  for  any  external  law  (even  non  mono¬ 
tonic  or  levelling  off) . 

MTS,  KTSS  nonlinear,  KTSS  linearized,  KZ,  and  LC  unstea¬ 
dy  flame  models  were  implemented  in  this  study.  While  KTSS 
linearized,  KZ,  or  LC  are  of  no  value  for  burning  rate  less 
than  about  90%  of  the  steady  state  value,  very  reasonable 
and  similar  results  are  displayed  by  MTS  and  KTSS  nonlinear. 
However,  MTS  flame  model  is  considered  superior  since  it 
accounts  also  for  chemical  kinetics  (but  it  requires  two  con¬ 
stants  to  be  evaluated) . 

The  order  of  the  polynomial  chosen  to  approximate  the  di¬ 
sturbance  thermal  profile  in  the  condensed  phase  does  not  af¬ 
fect  qualitatively  the  shape  of  the  restoring  function.  A  cu¬ 
bic  law  was  found  to  give  accurate  predictions  for  pressures 
up  to  about  30  atm;  a  quadratic  law  may  be  more  appropriate 
for  larger  pressures.  This  point  is  under  investigation. 

The  validity  of  this  nonlinear  stability  theory  was  veri¬ 
fied  by  computei'  simulated  transients.  In  general,  excellent  a- 
greement  was  found  between  the  analytical  predictions  and  the 
numerical  results  obtained  by  integration  of  the  governing  par¬ 
tial  differential  equation.  Numerical  values  are  given  only  for 
a  particular,  ammonium  perchlorate  based,  composite  propellant. 
It  is  felt,  however,  that  all  analyses  v/ere  conducted  from  a 
broad  point  of  view  and,  therefore,  the  conceptual  findings  may 
be  extended  to  other  types  of  solid  propellants,  provided  a  pro¬ 
per  flame  model  is  employed.  The  point  we  wish  to  make  is  that 
the  numerical  integration  of  the  basic  set  of  equations  in  terms 
of  the  PDE  suggests  the  existence  of  a  no-return  point  for  fas-t 
transients  and  defines  its  value  by  a  trial  and  error  procedure. 
The  values  obtained  in  several  different  configurations  are  in 
excellent  agreement  with  the  predictions  made  from  an  analysis 
of  the  approximate  ODE  describing  the  system.  This  also  con¬ 
firms  that  the  static  stability  boundary,  as  determined  for  ex- 
cimple  in  the  Zeldovich  approach,  has  no  relevance  in  dynamic 
disturbances  of  finite  size. 
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The  above  result  of  detecting  recovery  points  down  to  ©gS^O.6 
is  important  only  to  the  extent  to  which  it  illustrates  the  val¬ 
idity  of  the  analytical  developments  of  this  report.  Indeed,  it 
is  very  questionable  whether  chemical  processes  are  still  active 
at  such  low  surface  temperature.  Moreover,  heat  loss  mechanisms 
are  very  likely  not  negligible  in  that  surfare  temperature  ran¬ 
ge.  All  this  implies  that  more  sophisticated  flame  models  have 
to  be  considered,  if  one  v/ishes  accurate  results  in  the  marginal 
domains  of  burning.  Incidentally,  it  was  observed  that  changes 
in  the  decay  rate  are  most  effective  in  affecting  the  overall 
fate  of  the  dynamic  history  if  realized  in  the  early  portion 
of  the  transition. 

It  is  felt  that  conclusive  evidence  was  offered  for:  (1) 
the  existence  of  several  static  burning  regimes  (stationary 
burning,  damped  oscillatory  burning,  self-sustained  oscilla¬ 
tory  burning,  extinction) ;  (2)  the  capability  of  the  proposed 
theory  to  predict  pressure  deflagration  limit  even  for  adiaba¬ 
tic  combustion  waves.  In  conclusion,  the  nonlinear  static  re¬ 
storing  function  cantains  all  basic  properties  of  equilibrium 
and  asymptotic  (both  static  and  dynamic)  stability  of  burning 
solid  propellants,  even  for  finite  size  disturbances , provided 
that  the  external  forcing  terms  are  monotonic  or  level  off  in  time. 

Experimental  work  is  in  progress.  Three  different  solid 
propellants  are  being  characterized:  an  ammonium  perchlorate 
based  composite,  a  catalyzed  double  -  base,  and  a  noncatalyz- 
ed  double  -  base.  Steady  state  burning  rates  are  measured  in 
a  strand  burner;  thermal  profiles  in  the  condensed  phase  and 
radiative  emissions  are  detected;  pictures  and  high  speed  mo¬ 
vies  are  taken.  Depressurization  and  pressurization  tests  are 
conducted  respectively  in  a  specifically  designed  strand  bur¬ 
ner  and  piston  tube.  Laser  doppler  anemometry  is  applied  to 
burning  propellants  to  measure  the  gas  velocity  in  the  plume 
of  the  sample.  Experimental  results  so  far  obtained  qualitati¬ 
vely  agree  with  the  theoretical  predictions. 
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Sec.  5.2  -  FUTURE  WORK 

The  delicate  assumption  of  a  polynomial  space  dependence 
of  the  disturbance  thermal  profile  has  to  be  further  investi¬ 
gated.  Other  quasi-steady  models  shall  be  tested  and  compared; 
but  the  quasi-steady  gas  phase  assumption  has  to  be  properly 
qualified.  The  Zeldovich  approach  shall  be  examined  and  in¬ 
cluded  in  the  proposed  nonlinear  combustion  stability  theory. 
Variable  thermal  properties  in  the  condensed  phase  shall  be 
accounted  for.  Considering  the  importance  of  the  condensed 
phase  heat  release,  the  assumptions  of  concentrated  chemical 
reactions  at  the  burning  surface  shall  be  dropped.  Exact  pre¬ 
dictions  of  the  oscillating  burning  period  have  yet  to  be 
proposed.  Extension  of  the  proposed  theory  to  the  ignition  pro¬ 
blem  will  be  continued.  Extension  of  both,  stability  theory 
and  computer  simulated  tests,  to  high  pressure  range  (above 
60  atm)  and  lov/  pressure  range  (below  1  atni)  will  be  done. 

Very  likely,  the  subatmospheric  pressure  range  v/ill  require 
a  careful  choice  of  the  flame  model,  including  its  steady 
state  aspects. 

Experimentally,  further  data  on  combustion  vs  extinction 
will  be  furnished  both  from  depressurization  strand  burner 
and  piston  tube.  This  should  allow  a  quantitative  comparison 
between  predicted  and  experimentally  observed  dynamic  stabili¬ 
ty  boundaries.  Further  data  are  also  expected  from  the  laser 
doppler  velocimetry  apparatus.  The  behavior  of  the  steady  de¬ 
flagration  v.'ave  at  low  pressure  is  of  particular  interest; 
more  sophisticated  diagnostic  techniques  are  planned. 


